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ON THE GEOMETRY OF THE CROSSED PRODUCT

OF GROUPS

Fırat Ateş, Ahmet Sinan Çevik, and Eylem Güzel Karpuz

Abstract. In this paper, firstly, we work on the presentation of the

crossed product of groups of general types. After that we find the gener-
ating pictures (Second Homotopy Group) of this product by looking the

relations from a geometric viewpoint. Finally, we give some applications.

1. Introduction

Let H and G be two groups. A crossed system of these groups is a quadruple
(H,G,α, f), where α : G −→ Aut(H), g 7→ αg(h) and f : G × G −→ H are
two maps which satisfy

αg1(αg2(h)) = f(g1, g2)αg1g2(h)f(g1, g2)−1,(1)

f(g1, g2)f(g1g2, g3) = αg1(f(g2, g3))f(g1, g2g3)(2)

for all g, g1, g2 ∈ G and h ∈ H, where Aut(H) denotes the group automorphism
of H. The crossed system (H,G,α, f) is called normalized if f(1, 1) = 1. Also
α is called a weak action and f is called an α-cocycle. The crossed product of
H and G associated to the crossed system, denoted by H#f

αG, is the set H×G
with the multiplication

(h1, g1)(h2, g2) = (h1αg1(h2)f(g1, g2), g1g2).

Assume that (H,G,α, f) is a normalized crossed system. Then H#f
αG is a

group with the identity (1, 1) and we have f(g1, 1) = f(1, g2) = 1 for all
g1, g2 ∈ G. Here we recall that we have (h, g)−1 = (f(g−1, g)−1αg−1(h−1), g−1)

for (h, g) ∈ H#f
αG.

Consider the crossed system (H,G,α, f) such that f is a trivial map. In
this case, it is easily seen that H#f

αG is isomorphic to semidirect product of
H and G if α is a homomorphism. Let us again consider the crossed system
(H,G,α, f) such that α is trivial. Then one can show that H#f

αG is isomorphic
to twisted product of H and G if we have Imf ⊆ Z(H), where Z(H) is the
center of H.
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2 F. ATEŞ, A. S. ÇEVIK, AND E. G. KARPUZ

Now we give the following theorem as the main application of the crossed
product construction. The proof of this theorem can be found in [1, 3, 19].

Theorem 1.1. Let E be a group, H be a normal subgroup of E and G be
the quotient of E by H. Then there exist two maps α : G −→ Aut(H) and
f : G × G −→ H such that (H,G,α, f) is a normalized crossed system and
E ∼= H#f

αG.

Some other results and details relative to the crossed product of two groups
can be found in [2, 3, 6–8,15].

Note 1.1. Let (E, ·) be such a group structure and let H and G be groups.
Then the problem arises that what are the all group structures E which con-
taining H as a normal subgroup such that E/H ∼= G. This problem is called
extension problem which was first stated by Holder [14]. In [2,3], authors give
some results on the crossed products about this problem. Also they say that
the set of these (E, ·) group structures is one to one correspondence with the
set of all normalised crossed systems (H,G,α, f).

In this paper, we work on the presentation of the crossed product for given
groups in Section 2. After that we will define the generating pictures (see
Section 3) of this product. Finally, we will give some applications in Section
4. Thus we look the extension problem from a geometric viewpoint under this
product (see Corollary 3.2 and Corollary 4.3).

2. Presentation

In [1–3], the authors give some results on the presentation of the crossed
product of cyclic groups. As far as we know there is no more work about the
presentation of this product for arbitrary groups. In this section, we aim to
work on the presentation of this product for given groups. In order to do that,
let us consider the groups H and G presented by

PH = 〈x ; r〉 and PG = 〈y ; s〉 ,(3)

respectively, and two maps α, f as in (1) and (2). Also let us think that
(H,G,α, f) is a normalized crossed system. Let x−1 be a set in one-to-one
correspondence x ←→ x−1 with x for x ∈ x and also let y−1 be a set in
one-to-one correspondence y ←→ y−1 with y for y ∈ y.

Let us denote f(y, y−1) ∈ H by Wy,y−1 and let WS be a word on the set
x ∪ x−1 for S ∈ s. Then we can give the following theorem as the one of the
main results of this paper.

Theorem 2.1. Let us consider the groups H and G given by the presentations
in (3). Then the crossed product of them is defined by generators

x ∪ y

and the relations

(4) R = 1 (R ∈ r),
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ON THE GEOMETRY OF THE CROSSED PRODUCT OF GROUPS 3

(5) S = WS (S ∈ s),

(6) yxδ = αy(xδ)y,

(7) y−1xδ = αy−1(W−1
y,y−1x

δWy,y−1)y−1,

where δ = ±1, y ∈ y, y−1 ∈ y−1, x ∈ x and x−1 ∈ x−1.

Proof. Let us denote the set of all words in A by A
∗

and consider x ∈ x, y ∈ y
and δ = ±1. Also for z = x ∪ y, let

ψ : z∗ −→ H#f
αG

be a homomorphism defined by ψ(x) = (x, 1) and ψ(y) = (1, y). Here we realise
that

(x, 1)(x−1, 1) = (xα1(x−1)f(1, 1), 1) = (xx−1, 1) = (1, 1),

(x−1, 1)(x, 1) = (x−1α1(x)f(1, 1), 1) = (x−1x, 1) = (1, 1).

Thus we have (x, 1)−1 = (x−1, 1). So we have that ψ(x−1) = (x−1, 1). Also
since we have (1, y)−1 = (f(y−1, y)−1, y−1), then we see that

ψ(y−1) = (f(y−1, y)−1, y−1).

Now let us think that (xδ, 1)(1, y) = (xδ, y) and (xδ, 1)(1, y−1) = (xδ, y−1).
Then we say that ψ is onto. Now let us check whether H#f

αG satisfies relations
(4)-(7).

Let R = xδ11 x
δ2
2 · · ·xδss ∈ r, where x1, x2, . . . , xs ∈ x and δi = ±1 (1 ≤ i ≤ s).

Thus the relation (4) follows from (xδ11 , 1)(xδ22 , 1) · · · (xδss , 1) = (R, 1) = (1, 1).
Also for S ∈ s, let S = yε11 y

ε2
2 · · · y

εk
k , where y1, y2, . . . , yk ∈ y and εi = ±1 (1 ≤

i ≤ k). Then the relation (5) follows from

(1, y1)ε1(1, y2)ε2 · · · (1, yk)εk = (WS , S) = (WS , 1),

where WS ∈ (x ∪ x−1)∗.
We can get the relation (6) by

(1, y)(x, 1)δ = (1, y)(xδ, 1) = (αy(xδ), y) = (αy(xδ), 1)(1, y).

Now we show that the relation (7) holds. By using (2), we get

f(y−1, y)f(y−1y, y−1) = αy−1(f(y, y−1))f(y−1, yy−1)

=⇒ f(y−1, y)f(1, y−1) = αy−1(f(y, y−1))f(y−1, 1)

=⇒ f(y−1, y) = αy−1(f(y, y−1)).(8)

Then we have

(1, y)−1(xδ, 1)

= (f(y−1, y)−1, y−1)(xδ, 1)

= (f(y−1, y)−1αy−1(xδ), y−1)

= (f(y−1, y)−1αy−1(xδ)f(y−1, y)f(y−1, y)−1, y−1)
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4 F. ATEŞ, A. S. ÇEVIK, AND E. G. KARPUZ

= (f(y−1, y)−1αy−1(xδ)f(y−1, y), 1)(f(y−1, y)−1, y−1)

= (αy−1(f(y, y−1)−1)αy−1(xδ)αy−1(f(y, y−1)), 1)(f(y−1, y)−1, y−1)

= (αy−1(W−1
y,y−1x

δWy,y−1), 1)(1, y)−1,

where Wy,y−1 = f(y, y−1). Therefore ψ induces an epimorphism ψ from the

group C defined by (4)-(7) onto H#f
αG.

Let w ∈ z∗ be any non-empty word. By using the relations (6) and (7),
there exist words wx ∈ (x ∪ x−1)∗ and wy ∈ (y ∪ y−1)∗ such that w = wxwy
in C. Therefore, for any word w ∈ z∗, we have

ψ = ψ(w) = ψ(wxwy) = ψ(wx)ψ(wy)

= (wx, 1)(wx′ , wy)

= (wxwx′ , wy),

where wx′ ∈ (x ∪ x−1)∗. Now, if ψ(w′) = ψ(w′′) for some w′, w′′ ∈ z∗, then
we deduce that w′xw

′
x′ = w′′xw

′′
x′ in H and w′y = w′′y in G, where w′ = w′xw

′
y

and w′′ = w′′xw
′′
y. Here since w′y = w′′y, we get w′x′ = w′′x′ . So we have

w′x = w′′x in H. This implies that w′x = w′′x and w′y = w′′y hold in C. So

that w′ = w′′ holds. We get that ψ is injective. This says that there is an
isomorphism between the group C defined by (4)-(7) and H#f

αG. Hence the
result. �

Let us consider the presentations PH and PG given in (3) for the groups
H and G, respectively. Then by Theorem 2.1, we get the presentation of the
group H#f

αG as follows,

PH#f
αG

= 〈x, y ; R = 1 (R ∈ r), S = WS (S ∈ s),

yxδ = αy(xδ)y, y−1xδ = αy−1(W−1
y,y−1x

δWy,y−1)y−1〉.(9)

Let us consider the presentation of the group H#f
αG given in (9). Here

let us think that f is a trivial map. In this case, it is known that H#f
αG is

isomorphic to semidirect product of H and G if α is a homomorphism. Then
we get the following well known corollary.

Corollary 2.2. The presentation of the semidirect product of the groups H
and G is

〈x, y ;R = 1 (R ∈ r), S = 1 (S ∈ s), yxδ = αy(xδ)y, y−1xδ = αy−1(xδ)y−1〉.

Also let us think that α is trivial in (9). Then we know that H#f
αG is

isomorphic to twisted product of H and G if we have Imf ⊆ Z(H), where
Z(H) is the center of H. Then we get the following corollary.

Corollary 2.3. The presentation of the twisted product of the groups H and
G is

〈x, y ;R = 1 (R ∈ r), S = WS (S ∈ s), yxδ = xδy, y−1xδ = xδy−1〉.
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ON THE GEOMETRY OF THE CROSSED PRODUCT OF GROUPS 5

Proof. Let us think the relation y−1xδ = αy−1(W−1
y,y−1x

δWy,y−1)y−1. Since α is

trivial, then we have y−1xδ = W−1
y,y−1x

δWy,y−1y−1. Also we have Imf ⊆ Z(H),

then we get W−1
y,y−1x

δWy,y−1 = W−1
y,y−1Wy,y−1xδ = xδ. �

3. Generating pictures

We may say that not every presentation of the form in (9) defines an ex-
tension of H by G since the natural map H −→ H#f

αG may not be injective.
Let us think that (E, ·) is a such a group structure and H, G are subgroups
of E such that E = H · G. By [5, 12], if we know generating pictures (Second
Homotopy Group) of E, then we can determine whether E is an extension of
H by G or not. So if we define generating pictures of H#f

αG, then we can give
necessary and sufficient conditions for the natural map H −→ H#f

αG to be
injective. Thus, in this section we will give the generating pictures of H#f

αG to
define an extension of H by G. In order to do that let us give some explanation
about generating pictures by followings.

Let K be a finitely presented group with a presentation PK = 〈z ; t〉. If we
regard PK as a 2-complex in the standard way with a single 0-cell, with 1-cells
in bijective correspondence with the elements of z, and with 2-cells attached by
the boundary paths determined by the spelling of the corresponding elements
of t, then K is just the fundamental group of PK . Therefore we can talk
about the second homotopy group π2(PK) of PK , which is a left ZK-module.
The elements of π2(PK) can be represented by geometric configurations called
spherical pictures. Spherical (and non-spherical) pictures are described in detail
in [11] and [16].

Suppose Y is a collection of spherical pictures over PK . Then one can define
certain additional operations on spherical pictures [16]. Allowing this additional
operation leads to the notion of equivalence (rel Y) of spherical pictures. Then,
again in [16], Pride proved that the elements 〈P〉 (P ∈ Y) generate π2(PK) as a
module if and only if every spherical picture is equivalent (rel Y) to the empty
picture. Therefore one can easily say that if the elements 〈P〉 (P ∈ Y) generate
π2(PK), then Y generates π2(PK).

The reader can find some examples, and more details about second homotopy
group π2(PK), in [4, 5, 16,17].

Let us consider the groups H and G given by the presentations in (3). Also
let us think the second homotopy groups π2(PH) and π2(PG) which are the
collections of the spherical pictures over the groups H and G, respectively. Let
us think the words WS on the set x ∪ x−1 for S ∈ s and maps f, α which
satisfies the conditions (1) and (2). Now we can give the following theorem as
the another main result of this paper.

Theorem 3.1. Let us consider the group H#f
αG presented by (9). For each

y ∈ y and S ∈ s, let us suppose that αy(WS) = WS. Then second homotopy
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6 F. ATEŞ, A. S. ÇEVIK, AND E. G. KARPUZ

group π2(PH#f
αG

) is generated by the pictures given in Figures 1-9 and the

pictures in π2(PH) and π2(PG).

Proof. Let us consider the group H#f
αG. Since we have the following relations

R = 1, S = WS , yxδ = αy(xδ)y and y−1xδ = αy−1(W−1
y,y−1x

δWy,y−1)y−1, we

have to think about the following overlapping word pairs

xδx−δxδ, yεy−εyε, yxδx−δ, y−1xδx−δ,

yy−1xδ, y−1yxδ, Sxδ, yWS , y
−1WS , yR, y

−1R

for defining the elements of π2(PH#f
αG

), where δ = ∓1 and ε = ∓1. It is known

that spherical pictures which are obtained from the resolutions of these pairs
give the elements of π2(PH#f

αG
) by [5].

l l
l l
l l

y

y

y−1

y−1

xδ xδ

y

y−1

x−δ
x−δ

αy(xδ)

αy−1(w−1xδw)

αy−1(w−1x−δw)αy(x−δ)

�
�
�
��

�
�
�
�
�

�
�

Pictures over Pictures over
PH

Figure 1 Figure 2

w = Wyy−1PH

Let us consider the pairs xδx−δxδ and yεy−εyε. Here the pictures which are
obtained from these pairs are already spherical. Now let us think the pairs
yxδx−δ and y−1xδx−δ. Since we have yxδ = αy(xδ)y, yx−δ = αy(x−δ)y and
αy(xδ)αy(x−δ) = αy(xδx−δ) = 1, we get the spherical pictures in Figure 1.
Also we have

y−1xδ = αy−1(W−1
y,y−1x

δWy,y−1)y−1, y−1x−δ = αy−1(W−1
y,y−1x

−δWy,y−1)y−1

and

αy−1(W−1
y,y−1x

δWy,y−1)αy−1(W−1
y,y−1x

−δWy,y−1)

= αy−1(W−1
y,y−1x

δWy,y−1W−1
y,y−1x

−δWy,y−1) = 1.

Then we get the spherical pictures in Figure 2.
Let us think the pairs yy−1xδ and y−1yxδ. Also, by using (1), let us consider

the followings:

αy(αy−1(W−1
y,y−1x

δWy,y−1)) = Wy,y−1αyy−1(W−1
y,y−1x

δWy,y−1)W−1
y,y−1
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ON THE GEOMETRY OF THE CROSSED PRODUCT OF GROUPS 7

= Wy,y−1(W−1
y,y−1x

δWy,y−1)W−1
y,y−1 = xδ,

αy−1(W−1
y,y−1αy(xδ)Wy,y−1) = αy−1(αy(W−1

y−1,y)αy(xδ)αy(Wy−1,y))

= αy−1(αy(W−1
y−1,yx

δWy−1,y))

= Wy−1,yαy−1,y(W−1
y−1,yx

δWy−1,y)W−1
y−1,y

= Wy−1,y(W−1
y−1,yx

δWy−1,y)W−1
y−1,y = xδ.

Since we have

y−1xδ = αy−1(W−1
y,y−1x

δWy,y−1)y−1,

yαy−1(W−1
y,y−1x

δWy,y−1) = αy(αy−1(W−1
y,y−1x

δWy,y−1))y,

yy−1 = 1 and αy(αy−1(W−1
y,y−1x

δWy,y−1)) = xδ, then we get the spherical

pictures in Figure 3. Similarly, by considering yxδ = αy(xδ)y, y−1αy(xδ) =

αy−1(W−1
y,y−1αy(xδ)Wy,y−1)y−1, y−1y = 1 and αy−1(W−1

y,y−1αy(xδ)Wy,y−1) =

xδ, we have the spherical pictures in Figure 4.

l l

l l

l l

�
�

�
�

�
�

�
�Pictures over Pictures over

PH PH

Figure 3 Figure 4

αy−1(w−1xδw) αy(xδ)

αy(αy−1(w−1xδw))
αy−1(w−1αy(xδ)w)

y

y

y

y

y−1

y−1y−1

y−1

xδ xδ

xδ xδ

w = Wyy−1 w = Wyy−1

g gf fg g
...

...

...

...

Now, let us think the pairs Sxδ. Here, let us take S = yε11 y
ε2
2 · · · y

εk
k , where

yi ∈ y and εi = ±1 for 1 ≤ i ≤ k for S ∈ s. Also let us denote

wi =

{
Wyi,y

−1
i
, if εi = −1,

1, if εi = 1.

Then we have

Sxδ = αyε11 (w−1
1 αyε22 (w−1

2 · · ·αyεk−1
k−1

(w−1
k−1αyεkk

(w−1
k xδwk)wk−1) · · ·w2)w1)S.

Let us denote

T = αyε11 (w−1
1 αyε22 (w−1

2 · · ·αyεk−1
k−1

(w−1
k−1αyεkk

(w−1
k xδwk)wk−1) · · ·w2)w1).

Since we have W
S
α
S
(xδ) = Sxδ = TS = TWS and αS(xδ) = xδ, then we get

TWS = W
S
α
S
(xδ) = W

S
xδ. Thus we get the spherical pictures in Figure 5.
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8 F. ATEŞ, A. S. ÇEVIK, AND E. G. KARPUZ

l
l

l�
�
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�Pictures over

PH

xδ

αS(xδ) = xδ

g g gg g
g

�
�
�
�
�
�

aaaaa

WS

WS

WS

S

S

· · ·

· · ·

· · ·

T

@@

  

Figure 5

Let us consider the pairs yWS and y−1WS . For each y ∈ y and S ∈ s, let
us suppose that αy(WS) = WS . Therefore, since we have αy−1(αy(WS)) =

Wy−1,yαy−1,y(WS)W−1
y−1,y by (1), we get αy−1(WS) = Wy−1,yWSW

−1
y−1,y. From

this we have

WS = W−1
y−1,yαy−1(WS)Wy−1,y = αy−1(W−1

y,y−1)αy−1(WS)αy−1(Wy,y−1)

= αy−1(W−1
y,y−1WSWy,y−1)

by (8).
Therefore we find

yαy−1(W−1
y,y−1WSWy,y−1) = αy(αy−1(W−1

y,y−1WSWy,y−1))y = WSy

and y−1αy(WS) = αy−1(W−1
y,y−1αy(WS)Wy,y−1)y−1 = WSy

−1. Thus since we

have S = WS , yWS = αy(WS)y and WSy = yαy−1(W−1
y,y−1WSWy,y−1) = yWS ,

then we get the spherical pictures in Figure 6. Similarly, by considering
y−1WS = αy−1(W−1

y,y−1WSWy,y−1)y−1 = WSy
−1, thus we get the spherical

pictures in Figure 7.
Finally, let us think the pairs yR and y−1R. Here we have yR = αy(R)y,

y−1R = αy−1(W−1
y,y−1RWy,y−1)y−1, αy(R) = 1 and αy−1(W−1

y,y−1RWy,y−1) = 1.

Then we get the spherical pictures in Figure 8 and Figure 9.
We recall that the second homotopy groups π2(PH) and π2(PG) are the

collections of the spherical pictures over the groups H and G. So the second
homotopy group π2(PH#f

αG
) consists of the spherical pictures given in Figures

1-9 and the pictures in π2(PH) and π2(PG). �
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ON THE GEOMETRY OF THE CROSSED PRODUCT OF GROUPS 9
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Pictures over Pictures over

Pictures over

PH

PH PH

PH

g gg gg g
g gg gg g

WS WS

WS WS

WS WS

S S

S S

S

· · · · · ·

· · · · · ·

��
���

��
���

��� ���

y y−1

y y−1

y
y−1

αy(WS)

αy(WS)

αy−1(w−1WSw)

αy−1(w−1WSw)

Figure 6 Figure 7 Figure 7

w = Wyy−1

w = Wyy−1

bbHH

�
�
��

�
�
�

�
�

�
�

\\ LL...
...

l l
l ll ll l
�
�

�
�

�
�

�
�Pictures over Pictures over

PH PH

· · · · · ·

· · · · · ·
αy(R) αy−1(W−1

yy−1RWyy−1)

y y−1

y y−1
#

#
#

##

#
#
#

##

R R

Figure 8 Figure 9

PP

For each y ∈ y and S ∈ s, let us have αy(WS) = WS . Therefore we can give
the following corollary.

Corollary 3.2. A presentation of the form PH#f
αG

represents a crossed product

if and only if the diagrams given in Figures 1-9 are spherical.

Proof. Let PH#f
αG

represents a crossed product. Since we have αy(WS) = WS ,

the generating pictures of H#f
αG consist of the pictures in Figures 1-9. All

these pictures must be spherical. This implies that the diagrams given in
Figures 1-9 must be spherical.
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10 F. ATEŞ, A. S. ÇEVIK, AND E. G. KARPUZ

Conversely, since the diagrams given in Figures 1-9 are spherical and the
generating pictures of H#f

αG consist of them with the spherical pictures in
π2(PH) and π2(PG), then the natural map H −→ H#f

αG becomes injective,
by [5,12]. This says that presentation PH#f

αG
defines an extension of H by G.

Therefore, we get our result. �

Let us think that f is a trivial map and α is a homomorphism in H#f
αG.

Then we recall that H#f
αG is isomorphic to semidirect product of H and G.

Since we have WS = 1, then we get αy(WS) = WS . So we get the following
corollary. This corollary can be found in [9, 10,18].

Theorem 3.3. The second homotopy group of semidirect product of the group
H by G is generated by the pictures given in Figure 5-a and Figure 8-a and the
pictures in π2(PH), π2(PG).

l
l

l�
�

�
�Pictures over

PH

xδ

αS(xδ) = xδ

g g gg g
g

�
�
�
�
�
�

aaaaa

S

S

· · ·

· · ·
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Figure 5-a
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· · ·

· · ·
αy(R)

y

y

#
#
#

##

R

Figure 8-a

PP

4. Some applications

In this section, we will present some applications of the main theorems.
Throughout this section some notations will be used as in the previous ones.

Let H be a cyclic group with the presentation

PH = 〈x ; xn = 1〉
and let G be an abelian group with the presentation

PG =
〈
y1, y2, . . . , yk ; ymii = 1, yjyry

−1
j y−1

r = 1
〉
,

where 1 ≤ i ≤ k ,1 ≤ j < r ≤ k and n,mi is a non-negative integer. When
n = mi = 0 the order of x and yi are infinite.

Then by Theorem 2.1, we have

PH#f
αG

= 〈 x, y1, y2, . . . , yk; xn = 1,
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ymii = xai , yjyry
−1
j y−1

r = xbjr ,

yix = xciyi, y−1
i x = xdiy−1

i ,

yix
−1 = x−ciyi, y−1

i x−1 = x−diy−1
i 〉,(10)

where ai, bjr, ci, di ∈ {0, 1, . . . , n− 1}.
Thus we have the following theorem.

Theorem 4.1. The presentation of the form PH#f
αG

in (10) represents a

crossed product H#f
αG if and only if we have cmii ≡ 1(mod n), dmii ≡ 1(mod n),

ai(ct − 1) ≡ 0 : (mod n), ai(dt − 1) ≡ 0 (mod n), bjr(ct − 1) ≡ 0 (mod n),
bjr(dt−1) ≡ 0(mod n) and ctdt ≡ 1(mod n), where 1 ≤ i, t ≤ k, 1 ≤ j < r ≤ k
and ai, bjr, ci, di, ct, dt ∈ {0, 1, . . . , n− 1}.

Proof. Assume that PH#f
αG

represents a crossed product. Thus the diagrams

Figures 1-9 must be spherical by Corollary 3.2. We can define these diagrams
as follows. Let us take 1 ≤ i, t ≤ k, 1 ≤ j < r ≤ k and ai, bjr, ci, di, ct, dt
∈ {0, 1, . . . , n− 1}.

l l
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f ff
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f ff
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&
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l l
f ff f�
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x x
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...· · ·

· · ·
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· · · · · ·

· · ·

· · ·

E
EE

E
EE

· · · · · ·

~ ~
~ ~xn xnxn xn

E
EE

E
EE

s s

j j* *

z

- -

ymii

yj

yj

yj

yj

yr

yr

yr

yr

-

-

~

=

�
z

xdr

*

3
=

	
R

R

x

Figure 10 Figure 11

...

Since we have the relations ymii = xai and yjyry
−1
j y−1

r = xbjr , we get the
Figure 10 and Figure 11. Thus in order to be spherical these pictures, we
get cmii ≡ 1 (mod n) and cjcrdjdr ≡ 1 (mod n). We have also the relations

y−mii = x−ai and yryjy
−1
r y−1

j = x−bjr . By using them, we get similar pictures

given in Figure 10 and Figure 11. So we have dmii ≡ 1 (mod n) and crcjdrdj ≡
1 (mod n). Also in Figure 10 and Figure 11, when we take x−1 instead of x,
we get same results.

Let us see the Figure 12 and Figure 13. Here we get ai(ct− 1) ≡ 0 (mod n),
ai(dt− 1) ≡ 0 (mod n), bjr(ct− 1) ≡ 0 (mod n) and bjr(dt− 1) ≡ 0 (mod n) for
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12 F. ATEŞ, A. S. ÇEVIK, AND E. G. KARPUZ

doing spherical. For the relations y−mii = x−ai and yryjy
−1
r y−1

j = x−bjr , we
get also similar pictures given in Figure 12 and Figure 13. Moreover when we
take y−1

t instead of yt in these pictures, we also reach same results.
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Figure 12 Figure 13
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· · · · · ·

- -
xdt xn

�

E
EE>
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Figure 14 Figure 15

}

	x

x- -
s s

xn xnxn xn

Now let us think the Figure 14 and Figure 15. Here we get ctdt ≡ 1(mod n).
Also in these figures, when we take x−1 instead of x and y−1

t instead of yt, we get
same results. In Figure 11, we get the condition crcjdrdj ≡ 1 (mod n). Here,
since we have ctdt ≡ 1(mod n), then we already have crcjdrdj ≡ 1(mod n). �

Example 4.2. Let us take n = 26, k = 2, m1 = 3, m2 = 0, c1 = 3, c2 = −1,
d1 = 9, d2 = −1, a1 = 13, a2 = 0 and b12 = 13. Then

PH#f
αG

= 〈x, y1, y2; x26 = 1, y3
1 = x13, y1y2y

−1
1 y−1

2 = x13,
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y1x = x3y1, y−1
1 x = x9y−1

1 , y2x = x−1y2〉
defines the group presentation of the crossed product of the cyclic group gener-
ated by x with the order 26 by the direct product of cyclic group generated by
y1 with the order 3 and infinite cyclic group generated by y2 by above theorem.

We stated about the extension problem in Note 1.1. The following corollary
is the first notable result regarding the extension problem which was given by
O. L. Holder [13].

Corollary 4.3 (Holder). Let H and G be finite cyclic groups with the orders n
and m, respectively. A finite group E is isomorphic to a crossed product H#f

αG
if and only if E is the group generated by two generators x and y subject to the
relations

xn = 1, ym = xa, y−1xy = xd,

where 1 ≤ a, d ≤ n− 1 such that a(d− 1) ≡ 0 (mod n) and dm ≡ 1 (mod n).

Proof. If we take k = 1, m = mi, a = ai, d = di and y = yi in Theorem 4.1,
then we get the result by Corollary 3.2. �
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