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AN INTERPOLATING HARNACK INEQUALITY FOR

NONLINEAR HEAT EQUATION ON A SURFACE

Hongxin Guo and Chengzhe Zhu

Abstract. In this short note we prove new differential Harnack inequal-

ities interpolating those for the static surface and for the Ricci flow. In
particular, for 0 ≤ ε ≤ 1, α ≥ 0, β ≥ 0, γ ≤ 1 and u being a positive

solution to
∂u

∂t
= ∆u− αu log u+ εRu+ βuγ

on closed surfaces under the flow ∂
∂t
gij = −εRgij with R > 0, we prove

that

∂

∂t
log u− |∇ log u|2 + α log u− βuγ−1 +

1

t
= ∆ log u+ εR+

1

t
≥ 0.

1. Introduction and the main result

Geometric flow is one of central problems in geometric analysis. Curve
shortening flow in the plane is the simplest flow, and recently we established
interpolating inequalities in [8, 9]. Since there is no Riemannian curvature on
curves, the simplest intrinsic flow is on surfaces. Hamilton studied the Ricci
flow on surfaces in [10]. One of the useful tools to study geometric flows is
Li-Yau-Hamilton Harnack inequality. Chow proved an interpolating Harnack
estimate linking the Li-Yau estimate to the linear trace estimate in [3]. Wu
and Wu-Zheng generalized the interpolating Harnack estimates on surfaces to
nonlinear and constraint cases, see [11–13]. We have also studied Harnack
inequalities in various settings in [2, 5–7].

On the other hand, assuming that M is a static complete Riemannian mani-
fold Yang [14] proved gradient estimates for solutions to the following nonlinear
parabolic equation:

∂u

∂t
= ∆u+ au log u+ bu.(1.1)
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2 HONGXIN GUO AND CHENGZHE ZHU

Very recently Wu [12] proved several new Harnack estimates, and one of them
is a new interpolating Harnack inequality for the equation

∂u

∂t
= ∆u− u log u+ εRu(1.2)

on closed surfaces under the ε−Ricci flow:

(1.3)
∂

∂t
gij = −2εRij = −εRgij .

Inspired by their work, in this note we consider

(1.4)
∂u

∂t
= ∆u− αu log u+ εRu+ βuγ

with 0 ≤ ε ≤ 1, α ≥ 0, β ≥ 0, γ ≤ 1 on closed surfaces under the flow (1.3).
We prove:

Theorem 1.1. Let (M2, g(t)) be a solution to the ε-Ricci flow (1.3) on a closed
surface with R > 0. Let u be a positive solution to the equation (1.4). Then
for all time t one has

(1.5)
∂

∂t
log u− |∇ log u|2 + α log u− βuγ−1 +

1

t
= ∆ log u+ εR+

1

t
≥ 0.

2. Proof of the main theorem

In this section, by routine calculations we prove Theorem 1.1.

Proof. We know in the ε-Ricci flow [4]

∂R

∂t
= ε(∆R+R2)

and
∂

∂t
(∆) = εR∆.

We can get
∂

∂t
logR− ε|∇ logR|2 = ε(∆ logR+R).

As in [4] we define Pij = ∇i∇j log u+ 1
2εRgij and P = gijPij = ∆ log u+ εR.

For η ≤ 0 we have

∆uη = Div(∇uη)

= Div(ηuη−1∇u)

= η(η − 1)uη−2|∇u|2 + ηuη−1∆u

= η(η − 1)uη|∇ log u|2 + ηuη(∆ log u+ |∇ log u|2)

= η2uη|∇ log u|2 + ηuη∆ log u

= η2uη|∇ log u|2 + ηuηP − ηuηεR
≥ ηuηP.
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AN INTERPOLATING HARNACK INEQUALITY 3

It is easy to see that

∆|∇ log u|2 = 2∇∆ log u · ∇ log u+ 2 Rc(∇ log u,∇ log u) + 2|∇∇ log u|2

= 2∇P · ∇ log u− 2ε∇R · ∇ log u+ 2 Rc(∇ log u,∇ log u)

+ 2|∇∇ log u|2.

Since on surfaces Rc = 1
2Rg we have

∆|∇ log u|2 = 2∇P · ∇ log u+R|∇ log u− ε∇ logR|2 − ε2R|∇ logR|2

+ 2|∇∇ log u|2.

We know that

|Pij |2 = |∇∇ log u|2 + εR∆ log u+
1

2
ε2R2

and furthermore

|Pij |2 = |∇∇ log u|2 + εRP − 1

2
ε2R2.

Combining with the inequality 2|Pij |2 ≥ P 2 we get the following inequality

2|∇∇ log u|2 ≥ P 2 − 2εRP + ε2R2.

Then we arrive at

∆|∇ log u|2 ≥ 2∇P · ∇ log u+R|∇ log u− ε∇ logR|2 − ε2R|∇ logR|2

+ P 2 − 2εRP + ε2R2

≥ 2∇P · ∇ log u− ε2R|∇ logR|2 + P 2 − 2εRP + ε2R2.

We compute that

∂P

∂t
=

∂

∂t
(∆ log u) + ε

∂R

∂t

= (
∂

∂t
∆) log u+ ∆(

∂

∂t
log u) + εR

∂

∂t
logR

= εR∆ log u+ ∆(P + |∇ log u|2 − α log u+ βuγ−1) + εR
∂

∂t
logR

≥ εRP − ε2R2 + ∆P + 2∇P · ∇ log u− ε2R|∇ logR|2 + P 2 − 2εRP

+ ε2R2 − αP + αεR+ β(γ − 1)uγ−1P + εR
∂

∂t
logR

≥ ∆P + 2∇P · ∇ log u− (εR+ α+ β(1− γ)uγ−1)P + P 2

+ εR(
∂

∂t
logR− ε|∇ logR|2)

≥ ∆P + 2∇P · ∇ log u− (εR+ α+ β(1− γ)uγ−1)P + P 2

+ εR(ε(∆ logR+R)).
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Recall that the trace Harnack inequality for the ε-Ricci flow on closed surfaces
[4]

∂

∂t
logR− ε|∇ logR|2 = ε(∆ logR+R) ≥ −1

t
.

Hence

∂

∂t
(P +

1

t
) ≥ ∆(P +

1

t
) + 2∇(P +

1

t
) · ∇ log u

− (εR+ α+ β(1− γ)uγ−1)(P +
1

t
)

+ (P +
1

t
)(P − 1

t
) + εR(ε(∆ logR+R) +

1

t
).

It’s very clear to see that

P +
1

t
> 0

for very small positive t. Then applying the maximum principle, we conclude
that

P +
1

t
> 0

for all positive time t. �

In particular, when γ = 0 and ε = 1 we can extend the parameter α to all
real numbers, which has been proved in [1].

It is standard to get:

Corollary 2.1 (Comparing the solution at different points and times). For
any x1, x2 ∈M2, we pick a space-time path Γ(x, t) joining (x1, t1) and (x2, t2)
with 0 < t1 < t2. Along Γ we have

exp(αt1) log u(x1, t1) ≤ exp(αt2) log u(x2, t2) +

∫ t2

t1

exp(αt)

(
1

4

∣∣∣∣dΓ

dt

∣∣∣∣2 +
1

t

)
dt.

Proof. Indeed for such a path Γ, we have

d

dt
log u(x, t) =

∂

∂t
log u+∇ log u · dΓ

dt

≥ |∇ log u|2 − α log u+ βuγ−1 − 1

t
+∇ log u · dΓ

dt

≥ −1

4

∣∣∣∣dΓ

dt

∣∣∣∣2 − α log u+ βuγ−1 − 1

t

≥ −1

4

∣∣∣∣dΓ

dt

∣∣∣∣2 − α log u− 1

t
.

Hence,

d

dt
(exp(αt) log u(x, t)) ≥ − exp(αt)

(
1

4

∣∣∣∣dΓ

dt

∣∣∣∣2 +
1

t

)
.
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AN INTERPOLATING HARNACK INEQUALITY 5

Integrating this inequality from time t1 to t2 yields

exp(αt1) log u(x1, t1)− exp(αt2) log u(x2, t2)

≤
∫ t2

t1

exp(αt)

(
1

4

∣∣∣∣dΓ

dt

∣∣∣∣2 +
1

t

)
dt.

�

Acknowledgements. Research supported by Zhejiang Provincial Natural
Science Foundation of China (Grant Number LY18A010022) and NSFC (Grant
Number 11971355). The authors are grateful to the anonymous reviewer for
very valuable suggestions on the original manuscript which we have followed
to improve the paper significantly.

References

[1] M. Bailesteanu, X. Cao, and A. Pulemotov, Gradient estimates for the heat equation

under the Ricci flow, J. Funct. Anal. 258 (2010), no. 10, 3517–3542. https://doi.org/

10.1016/j.jfa.2009.12.003

[2] X. Cao, H. Guo, and H. Tran, Harnack estimates for conjugate heat kernel on evolving

manifolds, Math. Z. 281 (2015), no. 1-2, 201–214. https://doi.org/10.1007/s00209-
015-1479-7

[3] B. Chow, Interpolating between Li-Yau’s and Hamilton’s Harnack inequalities on a

surface, J. Partial Differential Equations 11 (1998), no. 2, 137–140.
[4] B. Chow, P. Lu, and L. Ni, Hamilton’s Ricci Flow, Graduate Studies in Mathematics,

77, American Mathematical Society, Providence, RI, 2006. https://doi.org/10.1090/

gsm/077

[5] H. Guo and T. He, Harnack estimates for geometric flows, applications to Ricci flow

coupled with harmonic map flow, Geom. Dedicata 169 (2014), 411–418. https://doi.

org/10.1007/s10711-013-9864-z

[6] H. Guo and M. Ishida, Harnack estimates for nonlinear backward heat equations in

geometric flows, J. Funct. Anal. 267 (2014), no. 8, 2638–2662. https://doi.org/10.

1016/j.jfa.2014.08.006

[7] , Harnack estimates for nonlinear heat equations with potentials in geometric

flows, Manuscripta Math. 148 (2015), no. 3-4, 471–484. https://doi.org/10.1007/

s00229-015-0757-3

[8] H. Guo and Z. Sun, A family of evolution equations connecting area-preserving to length-

preserving curve flows, Nonlinear Anal. Real World Appl. 43 (2018), 515–522. https:
//doi.org/10.1016/j.nonrwa.2018.03.012

[9] , On a family of inverse curvature flows for closed convex plane curves, Nonlinear

Anal. Real World Appl. 50 (2019), 1–7. https://doi.org/10.1016/j.nonrwa.2019.04.
010

[10] R. S. Hamilton, The Ricci flow on surfaces, in Mathematics and general relativity (Santa

Cruz, CA, 1986), 237–262, Contemp. Math., 71, Amer. Math. Soc., Providence, RI, 1988.
https://doi.org/10.1090/conm/071/954419

[11] J.-Y. Wu, Interpolating between constrained Li-Yau and Chow-Hamilton Harnack in-
equalities for a nonlinear parabolic equation, J. Math. Anal. Appl. 396 (2012), no. 1,
363–370. https://doi.org/10.1016/j.jmaa.2012.06.032

[12] , New Differential Harnack Inequalities for Nonlinear Heat Equations, Chin.
Ann. Math. Ser. B 41 (2020), no. 2, 267–284. https://doi.org/10.1007/s11401-020-

0198-5

Ah
ea

d 
of

 P
rin

t

https://doi.org/10.1016/j.jfa.2009.12.003
https://doi.org/10.1016/j.jfa.2009.12.003
https://doi.org/10.1007/s00209-015-1479-7
https://doi.org/10.1007/s00209-015-1479-7
https://doi.org/10.1090/gsm/077
https://doi.org/10.1090/gsm/077
https://doi.org/10.1007/s10711-013-9864-z
https://doi.org/10.1007/s10711-013-9864-z
https://doi.org/10.1016/j.jfa.2014.08.006
https://doi.org/10.1016/j.jfa.2014.08.006
https://doi.org/10.1007/s00229-015-0757-3
https://doi.org/10.1007/s00229-015-0757-3
https://doi.org/10.1016/j.nonrwa.2018.03.012
https://doi.org/10.1016/j.nonrwa.2018.03.012
https://doi.org/10.1016/j.nonrwa.2019.04.010
https://doi.org/10.1016/j.nonrwa.2019.04.010
https://doi.org/10.1090/conm/071/954419
https://doi.org/10.1016/j.jmaa.2012.06.032
https://doi.org/10.1007/s11401-020-0198-5
https://doi.org/10.1007/s11401-020-0198-5


6 HONGXIN GUO AND CHENGZHE ZHU

[13] J.-Y. Wu and Y. Zheng, Interpolating between constrained Li-Yau and Chow-Hamilton

Harnack inequalities on a surface, Arch. Math. (Basel) 94 (2010), no. 6, 591–600. https:

//doi.org/10.1007/s00013-010-0135-z

[14] Y. Yang, Gradient estimates for a nonlinear parabolic equation on Riemannian man-

ifolds, Proc. Amer. Math. Soc. 136 (2008), no. 11, 4095–4102. https://doi.org/10.

1090/S0002-9939-08-09398-2

Hongxin Guo

Department of Mathematics

Wenzhou University
Wenzhou, Zhejiang 325035, P. R. China

Email address: guo@wzu.edu.cn

Chengzhe Zhu

Department of Mathematics

Wenzhou University
Wenzhou, Zhejiang 325035, P. R. China

Email address: 295677609@qq.com

Ah
ea

d 
of

 P
rin

t

https://doi.org/10.1007/s00013-010-0135-z
https://doi.org/10.1007/s00013-010-0135-z
https://doi.org/10.1090/S0002-9939-08-09398-2
https://doi.org/10.1090/S0002-9939-08-09398-2

