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UNIQUENESS OF MEROMORPHIC SOLUTIONS OF
A CERTAIN TYPE OF DIFFERENCE EQUATIONS

JUN-FAN CHEN AND SHU-QING LIN

ABSTRACT. In this paper, we study the uniqueness of two finite order
transcendental meromorphic solutions f(z) and g(z) of the following com-
plex difference equation
A1) f(z+ 1) + Ao(2) f(2) = F(2)e*)

when they share 0, co CM, where A1 (z), Ao(z), F(z) are non-zero polyno-
mials, a(z) is a polynomial. Our result generalizes and complements some
known results given recently by Cui and Chen, Li and Chen. Examples
for the precision of our result are also supplied.

1. Introduction

Let C denote the complex plane. In this paper, we assume that the reader
is familiar with Nevanlinna theory and standard notations (see [9,11]), such as

T(r, f), N(r, f), m(r, ), N(r, f), W(r,%),....

We denote by S(r, f) any quantity satisfying
S(r,f)=o(T(r,f)), r— o0,

outside possibly an exceptional set of finite logarithmic measure.

Let f(z) and g(z) be meromorphic functions. We say that f(z) and g(z)
share a CM, provided that f(z) —a and g(z) — a have the same zeros counting
multiplicities. And we say that f(z) and g(z) share co CM, provided that they
have the same poles counting multiplicities.

The uniqueness theory of meromorphic functions is an important part of
Nevanlinna theory. The famous Nevanlinna 4 CM theorem will be given in
detail below.
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Theorem 1 (see [15]). Let f(z) and g(z) be two non-constant meromorphic
functions and let a1, az, az, aq be four distinct values in the extended complex
plane. Furthermore, suppose that f(z) and g(z) share a1, as, as, ay CM. If
f(z) £ g(2), then f(z) =T(g(z)), where T is a Mébius transformation.

Later, Yang and Yi [19] supplemented and perfected the uniqueness theory of
meromorphic functions. One major problem in the study of complex difference
equations has so far been the lack of efficient tools. Fortunately, till the 1970s
and 1980s, Bank and Kaufman [1], Shimomura [17] and Yanagihara [18] initially
obtained the existence of meromorphic solutions of certain difference equations
in the complex plane. Recently, many scholars combined the uniqueness with
the differences and the solutions of difference equations, and obtained lots of
results [2-7,10,12-14, 16]. Specially, in 2013, Chen and Shon [3] studied the
following non-homogeneous linear difference equation

(L) A )+ + A=) f (e + 1)+ Ag(2) F(2) = F(2),

and proved the following theorem.

Theorem 2 (see [3]). Let Ag(2),...,An(2), F(2) be polynomials such that
F(2)Ao(2)An(z) 20, Ag+---+ A, #0.

Then every finite order transcendental meromorphic solution f(z) of the equa-
tion (1.1) satisfies A(f(2)) = o(f(z)) > 1. Here, the order o(f(2)) of a mero-
morphic solution f(z) is defined to be

oeT T(r. f(z
o(f(z)) = limsup w

)
r—00 log r

and its exponent of convergence of zeros is defined by

log™ N (r, -
A(f(2)) = limsup tog" N (. 7t5)

r—00 10g r

In 2016, Cui and Chen [6] considered the uniqueness of meromorphic solu-
tions sharing three values with a meromorphic function to the homogeneous
linear difference equation

(1.2) A1(2)f(z+1) + Ao(2) f(z) =0
and proved the following theorem.

Theorem 3 (see [6]). Let f(z) be a transcendental meromorphic solution of
(1.2) and assume that the order of f(z) is finite. Suppose that Ai(z) and
Ao(2) are non-zero polynomials such that Ay(z)+ Ao(z) £ 0. If a meromorphic
function g(z) and f(z) share 0, 1, oo CM, then either f(z) = g(z) or f(2)g(2) =
1.
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In 2017, Cui and Chen [7] extended the complex difference equation in The-
orem 3 as

(1.3) A1(2)f(z+1) + Ao(2) f(2) = F(2)
and proved the following theorem.

Theorem 4 (see [7]). Let f(z) be a transcendental meromorphic solution of
(1.3) and assume that the order of f(z) is finite. Suppose that Ai(z), Ao(2),
F(z) are non-zero polynomials such that A1(z)+ Ao(z) # 0. If a meromorphic
function g(z) and f(z) share 0, 1, oo CM, then one of the following cases holds:
() f(z) =g(2); (i) f(z) +9(2) = f(2)g(2);
(iii) there exist a polynomial B(z) = b1z + by and a constant ag satisfying
e = €% such that

1 — ) 1— B2
f(Z) = 6’8(’2)<6a0_b0 _ 1)a g(Z

T 1— eboao’
where by # 0 and by are constants.

In 2019, Li and Chen [12] considered the uniqueness of two meromorphic
solutions of non-homogeneous linear difference equation

(1.4) Bi(2)f(2 + 1) + Ba(2) f(2) = Bs(2)
when they share two values, and proved the following theorem.

Theorem 5 (see [12]). Let f(z) and g(z) be two finite order transcendental
meromorphic solutions of (1.4). Furthermore, suppose that B1(z) #Z 0, Bs(z) #
0, Ba(2) are rational functions. If f(z) and g(z) share 0, co CM, then either
f(z) =g(z) or

Bs(2)

— by z+bo 1
F2) = 55 (@ )
and
B3(z) —b1z—bo
pr— z ]_
9(:) = 55 oy (T )
where by and by are constants such that e~ = P = —1, and the coefficients

of (1.4) satisfy

Here in this paper, if we generalize the equation (1.3) to the following more
general form

(1.5) A1(2)f (2 + 1) + Ao(2) f(2) = F(2)e"?,

then how can we guarantee the meromorphic solutions of the equation (1.5)
are uniquely determined by their zeros and poles? Next we study this problem
and prove the following main result.
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Theorem 6. Let f(z) and g(z) be two finite order transcendental meromorphic
solutions of the equation (1.5). Furthermore, suppose that Ai(z), Ao(2), F(2)
are non-zero polynomials, a(z) is a polynomial. If f(z) and g(z) share 0, oo
CM, then one of the following cases holds:

() £(z) = g(2);

(i)

1) = S (et 4 1)
and
99 = S ),

where ) = ¢; (£0), e =€ = —1, by = (2k + 1)mi, k is an integer and
the coefficients of (1.5) satisfy
A1(2)F(z+1) = F(2)Ao(z + 1);
(i)
F(Z)ealz+a0 (eb1z+b0 _ e—bl)

o= ma—m

and
F(z)ealz+ao (1 _ e—bl z—bq —bg)

9(z) = yREIErET :
where (1—e™ ")™Y #£0, ay #0, by # 0, ao, by are constants and the coefficients
of (1.5) satisfy

A1(2)F(z+1)

e—bl (e—blz—bo _ 1)
eal (1 — e—b1z—2b1—b0)

F(2)Ao(z +1).

By Theorem 6, we can also give the following corollaries.

Corollary 1. Let f(2) and g(z) be two finite order transcendental meromor-
phic solutions of the equation (1.5), where A1(z), Ao(2), F(z) are non-zero
polynomials such that A1(2)F(z + 1) # qF(2)Ao(z + 1), where ¢ = 1 or

efbl(efblszg_l) .
4 = si—e=t=mi=toy, @ and by are non-zero constants, by is a constant.

If f(z) and g(z) share 0, co CM, then f(z) = g(z).

Corollary 2. Let f(z) and g(z) be two finite order transcendental meromorphic
solutions of the equation (1.5), where

F(2)e*® # Ai(2) + Ao(2),
A rF (4 1) — Ay(z 4 1] 2 [e1F(2) — Ao(2)] Aoz + 1)
and
AL (2)[F(z + 1)en=tatao — Aj(z 4+ 1) — Ag(z+1)] , e trz7bri7bo _e=b
Ao(z + 1)[F(z)emztao — Ay(z) — Ap(2)] 1 — e brz=2bi—bo ~

where a1, by, ¢1 are non-zero constants, ag and by are constants. If f(z) and
g(z) share 1, co CM, then f(z) = g(z).
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Remark 1. Corollary 1 and Corollary 2 follow from Theorem 6 immediately.

ze T4z

Example 1. The function f(z)= % and another function g(z) = 2—;

solve the equation
2f(z+ 1)+ (z+1D)f(2) =22 + 2.

Here f(z) and g(z) share 0, co CM, e~ ™ = ™ = —1. Without loss of generality,
we may suppose that e*(*) = 1, F(z) = 22 4+ 2. Then the coefficients of (1.5)
satisfy A1(z) = z, Ao(z) = z4+ 1 and A1(2)F(2+ 1) = F(2)Ap(z+ 1) =
234322 42z. The above statement shows that Case (ii) in Theorem 6 certainly
exists.

e3miz _mi(22—1

€

5 " and another function g(z) =

Example 2. The function f(z) =

e2miz _gmi(z—1)

5 solve the equation

FE+1)+ f(z) =
Here f(z) and g(z) share 0, co CM, (1 — e %1)~! = 1 3£ 0, and the coeffi-
cients of (1.5) satisfy A1(z) = Ap(z+1) = F(z2) =1, A1(2)F(z+1) =1=
—b —byz—b
eael (11_(:,;2,221_,1},)0)F(Z)Ao(Z + 1), where a; = 27T’i, bl = 7'['2'7 apg = bo = 0. The
above statement shows that Case (iii) in Theorem 6 certainly exists.

Example 3. The function f(z) = —e3™* and another function g(z) = —e=37%

solve the equation
f+1D)+ f(z)=0.
Here f(z) and g(z) share 1, oo CM, e 3™ = 3™ = —1, and the coefficients of
(1.5) satisfy Ag(z) = A1(2) = 1; Ag(2) + A1(2) =2 # F(2)e*®) = 0. But
A(2)[eF(z+1)— A1z +1)] = -1 = [c1 F(2) — Ao(2)]Ao(z + 1)
and

A1 (2)[F(z + 1)em=tartao _ Ay (2 +1)— Ag(z + 1)] = e b1zmbi=bo _ o=b1
Ao(z + 1)[F(z)em#tao — Ay (z)— Ap(z)] T 1 —ehiz2bi—bo

where by = 37i, bp = 0, ¢; # 0, a1 # 0, ag are constants.

Remark 2. From Example 3, we find that the conditions
A1(R)[aF(z+1) — A1(z + 1)] = [ F(2) — Ag(2)]Ao(z + 1)
and
A1 (2)[F(z + 1emztatao _ A (z4+1) — Ag(z+1)] e z=bizbo _e=b
Ap(z + 1)[F(z)emrztao — Ay (z) — Ap(2)] 1 —etrz=2b1=bo

in Corollary 2 cannot be deleted.

Example 4. The functions f(z) = % and g(z) = % solve the equation

2 1
s st

f(2+1)+€f(z):m
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Here f(z) and g(z) share 0, co CM. The above statement shows that Case (i)
in Theorem 6 certainly exists.

2(637riz+e27r71z)

Example 5. The function f(z) = 5

Z(ezmz+em‘,z)
2

and another function g(z) =

solve the equation
z

mf(z +1)+ f(z) = 2272,

Here f(z) and g(z) share 0, oo CM, (1 —e™")7! = 2 £ 0, and the coefficients
of (1.5) satisfy A1(2) = 57, Ao(2) = 1, F(2) = 2, Ai(@)F(z +1) =z =

—by(,—b1z—bgy _ 3 .
eael(le—blz—le—lb{))F(Z)AO(Z + 1), where a1 = 27i, by = mi, ag = bg = 0. The
above statement shows that when F(z) and «(z) are non-constant polynomials,

Case (iii) in Theorem 6 certainly exists.

2. Some lemmas

Lemma 1 (see [5,8]). Let ¢ be a positive constant, & and & be two distinct
complex constants, and let f(z) be a meromorphic function of finite order o =

o(f(z)). Then we have
flz+&)

(2.1) m <7", fete)

Lemma 2 (see [5]). Let f(z) be a meromorphic function such that the order
o =0(f(z)) < 400, and let n be a nonzero complex number. If € > 0, then

(2.2) T(r, f(z+n)) =T(r, f(2)) + OF7"*%) + O(log ).

Lemma 3 (see [19]). If meromorphic functions f;(z) (j =1,2, ..., n) (n >
2) and entire functions g;(z) (j = 1,2,...,n) (n > 2) satisfy the following
conditions:

(1) 351 fie% =0,

(2) when 1 <j<l<n,g;— g are not constants,

(3) when1 < j<mn,1<h<l<mn, T(rf;) =oT(remr %)) (r = oo,

r ¢ E),

then we have f; =0 (j =1,2,...,n).

) = 0" 1) = o(T(r, ).

3. Proof of Theorem 6

Since f(z) and g(z) are finite order transcendental meromorphic functions
that share 0, co CM, we get

f(z) B(z)
3.1 —r =PV
o) o)
where (z) is a polynomial such that deg 5(z) < max{o(f),o(g)}.
From the equations (1.5) and (3.1), we have

(3.2) A1(2)9(z + 1) + Ao (2)9(2) = F(z)e®
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and

(3.3) A1 (2)g(z + 1)PEH) 4 Ag(2)g(2)eP®) = F(2)e*®).
Combining (3.2) with (3.3), we have

(3.4) 9(2)Ag(2)[1 — PEA=BERD] = P(2)eZ)[1 — ¢~ AEHD)],

If 1 — eP®)=B(+1) = 0, then from (3.4), we have 1 — e #(+1) = 0, which
means that f(z) = g(z).
If 1 — ef(®)=A+1) =£ (0, then 3(z) must be a non-constant polynomial. Thus
from (3.4) we may solve out g(z) of the form
| F(z)e™®) (1 — e=Al=+Y)
(35) g(Z) - Ao(Z)[l _ eB(z)—B(z—i—l)] !
By (3.2) and (3.5), we see that
A1(2)F (2 + 1)e®GtD[1 e BEHA] - Ag(2)F(2)e®3)[1—e A+
Ao(z + 1)[1—ef=+1)=B(=+2)] Ap(2)[1—ef)=B=+1)]
Equally,
(3.6)  Ai(2)g(z + 1)[1 — e P 4 Ag(2)g(2)[1 — e PEHV] = F(2)e),

where

= F(z)e*®,

) F(z)ex)
z) = .
9 Ao(2)[1 — PEH—BGAD]
Now we set
(3.7) alz) = 2™+ am12™ - + ag,
. B(Z) = nzn+bn—lzn_1+"'+b0a
where a,, # 0, dym_1, ..., ag, b # 0, by_1, ..., by are constants, m and n are
integers.

Note that 3(z) is a non-constant polynomial and «(z) is a polynomial. Next,
we divide our argument into two cases respectively: Case 1, a(z) is a constant,
B(z) is not a constant; Case 2, a(z) and ((z) are not constants.

Case 1. If a(z) is a constant, §(z) is not a constant, then it is natural to have
deg 8(z) > 1. Now we will prove that deg 3(z) = 1. Suppose on the contrary
that deg 3(z) = n > 2. Then, it is obvious that

(88)  deglB(z+1) — B(2)] = deglB(z +2) — B(z+ 1)) =n — 1,
and o(eBGTD=AEHD) = g(BEAD-BE) = — 1 > 1.

Without loss of generality, we assume that e*(*) = ¢; (# 0). By the first
main theorem of Nevanlinna theory, we have

2) — 2)eB2)—B(z+1)
T(r,q(z))=T (7‘, q(lz)) +0(1)=T (r, Ao(2) ACOI(F)(z) ) Lo

=T (r, eﬁ(z)*ﬁ(”l)) + O(log ).
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Therefore, o(¢(z)) =n — 1. From Lemma 1, we get

(3.9) m (7“, Q(z(‘;)l)> = O(TU(Q)*lJrE) _ O(,rn72+a) _ 0(?“”71)

for each ¢ € (0,1).
The equation (3.6) can be changed to

— A1 (2)q(z + 1) — Ag(2)q(z)ePGHD=BGHD
= [e1F(2) — A1 (2)q(z + 1) — Ag(2)q(2)]ePC+2),

If 1 F(2) — A1(2)q(z + 1) — Ap(2)q(z) # 0, then by (3.8), (3.10) and the fact
o(q(z)) =n — 1, we have

(3.10)

n=o ((61F<z) - Ai(2)q(z +1) - Ao(z)q(z))eﬂ<z+2>)
= o (~ A1z + 1)~ A(g(2)ePHIPED) <1,

This is absurd. Thus ¢1 F(z) — A1(2)g(z + 1) — Ap(2)q(z) = 0.
From the above discussion and (3.10), we see that
(3.11) —A1(2)q(z 4+ 1) — Ag(2)q(z)ePFHD=BGEHD — g,
Since A;(z) and Ag(z) are non-zero polynomials, by (3.9) and (3.11), we obtain
T (n eﬁ(Z+2)—B(Z+1)) —m (T’ eﬂ(Z+2)—B(Z+1))
(s A
Ao(2)q(2)

which contradicts o(e®(*+2)=8(=+1)) = 5 — 1 > 1. We thus have proved that
deg B(z) = 1. Next we derive from (3.7) that there exist two constants by (3 0),
by such that B(z) = b1z + bo.

Substituting e®*) = ¢, B(z) = b1z + by into (3.5), we obtain

c1F(2)(1 — e~brz=bi=bo)
Ap(2)(L—e7br) 7

) < o(r™1) + O(log ),

(3.12) 9() =

where (1 —e~b1)~1 #£0.
Then, combining (3.2) with (3.12), we have
—c1A1(z2)F(z+1) b _ a1 F(2)
Ag(z +1)(1 —e~b1) (1 —ebr)
 adi()F(z+1) aF(z)
Ag(z+ 1)1 —eb1) (1 —eb1)’
From Lemma 3, we get
—c1A1(2)F(z+1) b aF(z)
Ag(z+1)(1 —et1) (1—eb)

e—blz—bl—bo

=1 F(2)

(3.13) 0
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and
a1 A1(2)F(z+1) a1 F(2)
3.14 F(z)— — =0.
( ) alF(z) Aoz + 1)(1 _ e—bl) (1— e‘bl)
By using the above equations, we have
b — —Ao(z +1)F(2) —
A1(2)F(z +1) ’
where e = bt = —1.
Further, from (3.1) and (3.12), we obtain
c1F(z) byz+b
— 1 12+bo
1) = G 1+ =)
and F2)
itz —biz—b
— 1 1 0
o) = S e,
where e = ebt = —1, b; = (2k + 1)7i, k is an integer. Finally, we obtain

from (3.13) or (3.14) that
A1(2)F(z+1) = F(2)Ag(z+ 1)

holds for this case.
Case 2. If a(z) and 5(z) are not constants with deg a(z) = m, deg 8(z) = n,
then (3.6) can be expressed as

A1 (2)F(z 4+ 1)e*CT) — Ay (2)F(z + 1)e*GHD=BEFD) _ 44(2 41)
F(2)e®® =BG+ L A (2 + 1) F(2)e*®PEH2) _ A (2)F (2 + 1)
(3.15)  PF)-BletDral4l) L fj (5 4+ 1)F(2)eH)HA()=A(+1)
— Ao(z + 1)F(Z)6a(z)+ﬁ(Z)fﬁ(z+2) + A1(2)F(z+1)
e +B(2)-B(z+1)-B(+2) _ (.
We will discuss three subcases.
Subcase 2.1: If deg a(z) > deg 5(z) > 1, then (3.15) can be expressed as
Jii(z)eEt) = o,
so that
(3.16) Ji1(z) =0,
where
J11(2) = A1(2)F(z+1) — A1 (2)F(z + 1)e PE+2)
— Ao(z+1)F(z () —a(z+1)—B(z+1)
+ Ag(z+ 1)F(z
+ Ag(z 4+ 1) F(2)edHA(E) =+ —a(z+1)
(z+ DF(

z)e

)
)ea(Z)—B(Z+2)—a(z+1) — A1 (2)F(z + 1>66(Z)—ﬁ(2+1)
)
— Ag(z 4 1)F(2)eH) TP =B42)—alz+1)
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4 Ay (2)F (2 + 1)ePE—BGHD—A(+2),

Now we distinguish m —1>n > 1, m — 1 =n > 1 two subcases to derive the
contradictions.
Subcase 2.1.1: If m — 1 > n > 1, then (3.16) can be expressed as

Joa(2)e PET2) o Joa(2)e@H—aGHD=BGHD 4 10 (2)

(317) eB(z)—ﬁ(z+1)+a(z)—a(z+1) +J21(Z)€h0(z) — O7

where ho(z) =0 and

J24(Z) =—A (Z)F(Z + 1) + Al(Z)F(Z + 1)65(2)_6(24_1),
Joz(z) = —Ap(z+ 1)F(2) + Ao(z + 1)F(z)65(z+1)75(z+2),
Jaa(2) = Ag(z + 1)F(2) — Ag(z + 1)F(2)ePEHD-B(+42)
Jo1(2) = A1 (2)F (2 + 1) — Ay (2)F(z + 1)ePR) =BG+,

Now by m—1 > n > 1 it follows that deg(8(z+14) —B(z+j)) = deg B(z) — 1 =

-1>03G=0,1;j=1,2),deg(a(z4+1)—a(z)+8(z+1)—B(z+2)) =m—1,
deg(a(z +1) —a(z) + B(z+ 1) = (2 +2) = B(2)) = m — 1, deg(a(2) — a(z +
1)=B(z+1)=m-—1,deg(B(z) —B8(z+ 1)+ a(z) —a(z+1)) = m — 1. From
Lemma 2, for j =1, 2, 3, 4, we get

T(r, J2(2)) = of T'(r,e”))},

T(r, Joj(2)) = of T(r,e**) =2+ U=AEHD) )

T(r, J2j(2)) = of T(r,e* =2+ DHAEI=AHD) )

T(r, JQJ(Z)) 0{ (,r ea(z+1) a(z)+B(z+1)— B(z+2))}
T(r, Jo;(2)) = o{T(r, e (z+1)—a(2)+B(+1)—-B(2+2)—F(2) )],

Applying Lemma 3 to (3.17), we have Jy;(2) = 0 (j = 1, 2, 3, 4). Then, by
J24(z) = 0 and the assumption that A;(z) and F(z) are non-zero polynomials,
we have ef(?)=F(z+1) = 1 which contradicts that e#(*)=8(+1) =£ 1,

Subcase 2.1.2: If m—1 = n > 1, then from (3.7), we see that a(z)—a(z+1) =
My 2™ = (C2am +CL _1am—1)2" %= —(@m+am_1+---+ay) is non-
constant polynomial with deg(a(z) — a(z+1)) = m —1 > 1. Similarly, we can
get deg(B(z) — f(z+ 1)) =n — 1> 0. The following discussion is divided into
three subcases according to whether b,, = +ma.,.

Subcase 2.1.2.1: If b,, # mam,, b, # —ma,,, then (3.16) can be rewritten as
(3.17). Therefore, using the same method as in the proof of Subcase 2.1.1, we
can get a contradiction.

Subcase 2.1.2.2: If b,, = —ma,,, then (3.16) can be expressed as

(3.18) J33(Z)67’3(Z+2) + J32(Z)eﬁ(Z)*B(ZHHa(Z)*a(erl) + ng(z)eh(’(z) =0,
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where ho(z) =0 and
Jss(z) = — Ay (2)F (2 + 1) + Ay (2)F(z 4 1)P) =BG+,
Jsa(2) = Ao(z + 1)F(2) — Ag(z + 1) F(2)ePEHD=AG+2)
J31(2) = A1(2)F(z + 1) — A1(2)F(z 4 1)eP(H)=BG+1)

+ Ao(z + 1) F(z)e?)~ B2 —alz+1)

—Ao(z+ l)F(z)eO‘(Z)*O‘(ZH)*ﬁ(ZH)'
By b, = —ma,,, m—1=mn> 1, then deg(—f(2+2) — B(2) + B(z+1) —a(z) +
a(z+1)) = deg(B(z) — B(z+ 1) + a(z) — a(z+ 1)) = n, deg(B(z) — B(z + 1()) =

deg(B(z+1)—B(z+2)) =n—1,deg(a(z) —a(z+1) — 8(z+1)) = deg(a(z) —
alz+1) = B(z+2)) <n—1. From Lemma 2, for j =1, 2, 3, we get

T(r, J3;(2)) = o{T(r,e-BE+2))},
T(’fﬂ J3j(2:)) = o{T(r eﬁ(z) B(z4+1)+a(z)— a(z+1))}
T(r, Joj(2)) = o{T(r, e~ BEAD-BE 8+ —a()+a(=+1)))

Applying Lemma 3 to (3.18), we have J3;(z) = 0 (j = 1, 2, 3). Then, by
J33(z) = 0 and the assumption that A;(z) and F(z) are non-zero polynomials,
we obtain a contradiction again.

Subcase 2.1.2.3: If b, = ma,,, then (3.16) can be expressed as

(3.19) Jus(2)e PEFD 4 Juo(2)eH)maEHD=BEHY 4 1 (2)eho(2) = g,
where ho(z) =0 and

Jus(2) = — A1(2)F(2 + 1) + A1 (2) F (2 + 1)ePZ) =D

— Ag(z + 1) F(z)ef) () —az+1)

+ Ao(z + 1) F(2)ePA)=BGEHD+B(42)+a(2) —a(z+1)

Jia(2) = — Ag(z + 1)F(2) + Ag(z + 1) F(2)eP G+~ <Z+2>,

Jin(z) = AL(2)F(z + 1) — A1 (2)F(z 4+ 1)ePH-AE+D),

By by, = mam,, m—1=n > 1, then deg(—5(24+2) —a(z) +a(z+1)+5(z+1)) =
deg(a(z) —a(z+ 1) — B(z + 1)) = n, deg(B(z) — B(z + 1)) = deg(B(z + 1) —

Blz+2) =n—1,deg(B(z) = Bz + 1)+ Bz +2) + afz) —a(z + 1)) =
deg(8(z) + a(z) — a(z + 1)) < n — 1. From Lemma 2, for j =1, 2, 3, we get

T(r, Jyj(2)) = of T(r, e P=H2))},
T(r, Jyj(2)) = o{ T(r,e*H) = HD=AF)
T(r, J3(2)) = o{T(r, P+ =0Tl D 41
Applying Lemma 3 to (3.19), we have Jyi(z) = 0 (j = 1, 2, 3). Then by

J41(2) =0, we can get the same contradiction as in Subcase 2.1.2.2.
Subcase 2.2: If deg 5(z) > dega(z) > 1, then (3.15) can be expressed as

(3.20) Js2(2)e®F D) 4 Jop (2)e*FHD=BG+2) —
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where
Js2(2) = A1(2)F(z + 1) — Ay (2)F(z + 1)eP =) =D
+ Ao(z +1)F(2)e a(z)—a(z+1)+8(2)—B(2+1)
— Ag(z + 1) F(z)e)—alHD)+8(z)=B(=42)
Js(z) = —Ai(z)F(z+1) -
+ Ag(z 4+ 1) F(2)e®@ =G+ L A, (2)F(z + 1)efH)=AGEHD,
By deg 6(2) > deg a(2) > 1, then deg(8(:-+2)) = n, deg(8()—B(z+1)) = n—1,
deg(a(z)—a(z+1)) =m—1 < n, deg(a(z) —a(z+1)+8(z) - B(z+1)) =n—1,
deg(a(2) —a(z+1)+B(2) = B(242)) = n—1, deg(a(z)—a(z+1)-B(z+1)+B(2+
2)) = n—1. From Lemma 2, for j = 1, 2, we get T'(r, J5;(2)) = o{T'(r,e?*+2)}.
Applying Lemma 3 to (3.20), we have Js5;(2) = 0 (j = 1, 2). Then by Js2(2) =0,
we have
A (2)F(z+1) — A1 (2)F(2 4+ 1)ePA =BG L Ag(2 4+ 1)F(2)
() =a(HD+BE=AGAD) g (5 4 1)F(2)e0l)—a(+D+B(:)=B(+2) =

Ao(z +1)F(2)e a(z)—a(z+1)—=B(z+1)+B(2+2)

(3.21)

We will discuss the degree of a(z) and obtain the contradiction.

Firstly, if dega(z) = m > 2, by deg 8(z) > dega(z) > 1, then we obtain
deg f(z) = n > 3, thus deg(B(z)—F(z+1)) = n—1 > 2, deg(B(z+2)—B(z+1)) =
n—12 2, deg(a(z) — a(z+ 1) + A(2) — Bz + 1)) = deg(a(z) — a(z + 1) +
B(z) = B(z+2) =deg(a(z+ 1) —alz) + B(z+2) - B(z+1) =n—-1> 2,
deg(a(z 4+ 1) —a(z)) = m —1 > 1. Applying Lemma 3 to (3.21), we have
A1(2)F(z+ 1) = Ag(z + 1)F(2) = 0. This contradicts the assumption that
Ai(z), Ao(z), F(z) are non-zero polynomials. Hence, dega(z) = 1. Setting
a(z) = a1z + ag, where a; # 0 and ag are constants. Then (3.21) can be
expressed as

A(2)F(z+1) 4 [Ao(z + 1) F(2)e™ ™ — Ay (2)F(z + 1)]ePH)=AGE+D
— Ay(z 4+ 1) F(2)e”ntPR=AE+2) —

By dega(z) = 1, then degf(z) > 2, thus deg(8(z +2) — B(z + 1)) > 1,
deg(B(z) — B(z+14) > 1 (i =1, 2). Applymg Lemma 3 to (3.22), we have
A1(2)F(z+1) = Ag(z + 1)F(z) = 0, which is a contradiction.

Subcase 2.3: If deg f(z) = deg a(z) = n > 1, then (3.15) can be expressed as
(3.20). By deg 8(z) = dega(z) =n > 1, then deg(5(2) — (2 +1)) = deg 8(2) —
1 =deg(a(z)—a(z+1)) =n—1, deg(a(z) —a(z+1)+8(z) - f(z+1)) <n-—1,
deg(a(z) — a(z + 1) + B(z) — Bz +2)) < n— 1, degla(z) — a(z+ 1) — A=+
1) 4+ B(z+2)) < n— 1. From Lemma 2, for j = 1, 2, we get T(r, J5;(2)) =
o{T(r,e?=*2)}. Applying Lemma 3 to (3.20), we have J5;(z) =0 (j = 1, 2).
Then by Js1(z) = 0, we have

— A1(2)F(z41) — Ag(z + 1) F(z)er)az+D+8(+2)=f(=+1)
+ Ag(z 4+ 1) F(2)e*® Gt L A (2)F(z +1)ePF—8GEFD = ¢,

(3.22)

(3.23)
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Next we will prove that dega(z) = deg 8(z) =
Subcase 2.3.1: If deg a(z) = deg B(z) = 2 , G # by, then (3.23) can be
expressed as
Joa(2)e®@H7GHD L Joo (2)ePA=BEFY L 1o (2)

(3.24) e@(2)—a(z+1)+B(z42)—B(z+1) 4 J61(z)eh0(z) =0,

where ho(z) =0 and

J64(Z) = Ao(z + 1),
Joa(2) = Ai(2) EEED,
JGQ(Z) = —Ao(z + 1),
Jo1(2) = —As (2) T

By dega(z) = degB(z) =n > 2, a, # by, then deg(a(z) —a(z+1) — B(2) +
B(z4+1)) =n—1>1,deg(B(z+1)—B(2+2)) =n—1> 1, deg(a(z)—a(z+1)) =
n—1>1,deg(8(z)—a(z)+a(z+1)—B(2+2)) = n—1 > 1, deg(B(2)—B(z+1)) =
n—12>1,deg(a(z)—a(z+1)—p(z+1)+6(2+2)) =n—1 > 1. From Lemma
2, for 7 =1, 2, 3, 4, we get

T(r, Jsj(2)) = o{T(r,ex(F)—az+1))1

T(r, Joj(2)) = o{T(r, P )=AETI)L

T(r, Joj(2)) = o{T(r,ePETD=AE+2))Y

T(r, Joj(2)) = o{T(r,ef)—alz)talzH)=F(=+2))}
T(r, Js;(2)) = o{T(r, ea(z)—oz(z+1)—;3(2)_5_[3(24_1))}7
T(r, Jej(z)) = o{T(r, e(2) = e+ =B+ +A(=+2))1,

Applying Lemma 3 to (3.24), we have Jg;(2) =0 (j =1, 2). Then by Jsua(z) =
0, we have Ag(z + 1) = 0. This contradicts the assumption that Ag(z) is a
non-zero polynomial.

Subcase 2.3.2: If deg a(z) = deg 5(z) =n > 2, ay, = by, then (3.23) can be
expressed as

(3.25) Jra(2)e®H)aGH) o (2)e@ () mazHD+A(+2)=B(z41) =
where

Jra(z) = Ao(z + 1),

Fz+1) a+1)-a(=)+8(:+1)-8(:+2)
Jn(z) = —Ap(z+1) — A1(z2) ——e
F(z)
F(z+1) _ .
A ()22 T pa(at1)—a(z)+B(2)—B(2+2)
+ Aq(2) F2) e

By dega(z) = deg8(2) = n > 2, ay = by, then deg(B(z + 1) — B(z + 2))
n—12>1, deg(a(z +1) — a(z) + (2) = B(z + 2)) = deg(a(z + 1) — a(z) -
B(z+2)+B(2+1)) < n—2. From Lemma 2, for j = 1, 2, we get T'(r, J7;(2))
o{T(r,ePEHD=AGE+2)1 Applying Lemma 3 to (3.25), we have J7;(z) = 0 (j
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1, 2). Then by Jza(z) = 0, we have Ap(z + 1) = 0, a contradiction. Hence,
deg a(z) = deg 8(2) = 1.

Now we set a(z) = a1z +ag, 5(2) = b1z +bg. Then, substituting it into (3.1)
and (3.5), we obtain

F(Z)ea1z+ao (eblz+b0 _ e—bl)

o= eoa—m

and
F(Z)ea1z+ao(1 _ efblszlfbo)
9(z) = b )
Ap(2)(1 —e~b1)

where (1 —e )71 #£0, a; # 0, by # 0, ag, by are constants.

What is more, from (3.6), we see that the coefficients of (1.5) satisfy

671}1 (efblszo _ 1)

el (1 _ e*b1272b17b0)

A1(2)F(z+1)

F(2)Ao(z +1).

This completes the proof of Theorem 6.
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