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ON THE ACTIONS OF HIGMAN-THOMPSON GROUPS BY
HOMEOMORPHISMS
Jin Hong Kim

Abstract. The aim of this short paper is to show some rigidity results
for the actions of certain finitely presented groups by homeomorphisms.
As an interesting and special case, we show that the actions of HigmanThompson groups by homeomorphisms on a cohomology manifold with a
non-zero Euler characteristic should be trivial. This is related to the wellknown Zimmer program and shows that the actions by homeomorphism
could be very much different from those by diffeomorphisms.

1. Introduction
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It is well-known that the special linear group SL(n, Z) over integers acts
effectively on the unit sphere S n−1 by using the linear action on the Euclidean
space Rn , while if n ≥ 3, then it cannot act effectively on S r for any r <
n − 1. More generally, it is believed that any action of SL(n, Z), n ≥ 3, on a
compact connected manifold of dimension r less than n−1 by homeomorphisms
factors through a finite group action. This is related to the well-known Zimmer
program about group actions of lattices in Lie groups on manifolds that is one
of the motivations of this paper (see [5] for more details).
When r = 1, this problem has been resolved in [10] by Witte. As another
remarkable and positive result, Bridson and Vogtmann proved in [4] that if
n ≥ 3 and r < n, then SL(n, Z) cannot act effectively by homeomorphisms
on any contractible manifold of dimension r and on any homology sphere of
dimension r − 1. In fact, this follows from a more general result proved in [4].
In order to make our discussion more precise, we first need to set up some
notation and terminology. Indeed, let L denote Z or Z/p, where p is a prime
number. Roughly speaking, a cohomology r-manifold over L is a locally compact Hausdorff space which has a local cohomology structure with coefficients
in L which is similar to that of the Euclidean r-space. To be precise, all homology groups in this paper are Borel-Moore homology with compact supports
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and coefficients in a sheaf A of modules over L. The homology groups of X are
denoted by H∗c (X; A). On the other hand, all cohomology groups in the paper
are the Alexander-Spanier cohomology with compact supports and coefficients
in A. The cohomology groups of X are denoted by Hc∗ (X; A). If the sheaf A
is the constant sheaf X × L, then it will be denoted simply by L. Recall that
the cohomology dimension of X with coefficients in L, denoted by dimL X, is
defined by
min{n ∈ Z | Hcn+1 (U ; L) = 0 for all open U ⊂ X}.

For each integer k ≥ 0, let Ok (X; L) denote the sheaf associated to the
presheaf
U 7→ Hkc (X, X\U ; L).
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A homology r-manifold X over L is a locally compact Hausdorff space with
dimL X < ∞ such that Ok (X; L) = 0 for k 6= r and Or (X; L) is locally
constant with its stalks isomorphic to L. Analogously, a cohomology r-manifold
over L can be defined. Note that all topological manifolds of dimension r are
a homology and also cohomology r-manifold over L. See [2] and [3] for more
details.
With these said, the afore-mentioned result of Bridson and Vogtman in [4]
is that if n ≥ 3, then the unique subgroup SAut(Fn ) of index 2 in the automorphism group Aut(Fn ) of the free group Fn on n generators cannot act effectively
by homeomorphisms on any Z/2-acyclic homology manifold of dimension less
than n and on any generalized Z/2-homology sphere of dimension less than
n − 1. In [11], Ye proved similar results saying that if n ≥ 3, then SAut(Fn )
cannot act effectively by homeomorphisms on any connected orientable manifold of dimension less than n − 1 whose Euler characteristic is not equal to zero
modulo 6.
Motivated by the results and the techniques in [11] and Remark 5.1 in [4], in
this paper we extend the results of Ye to the actions of certain finitely presented
groups by homeomorphisms on a cohomology manifold with a non-zero Euler
characteristic. One special feature of the finitely presented groups which we
are concerned with is that they contain an isomorphic copy of (Z/p)k for any
prime p and any positive integer k.
With these said, our main result that is a consequence of Theorem 2.3 is:
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Theorem 1.1. Let X be a first-countable connected cohomology r-manifold
over the integers Z such that the Euler characteristic of X is not equal to 0,
and let G denote a group that contains an isomorphic copy of (Z/p)n with n > r
for any prime p. Then G cannot act effectively on X by homeomorphisms.
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We note that by using the arguments in this paper, Theorem 1.1 can be
also derived from [11, Theorem 2.6] together with the fact, mentioned at the
beginning of Section 2, that the Euler characteristic does not depend on the
coefficient rings used (see Section 2 for more details).
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As concrete examples satisfying the condition of Theorem 1.1, there are
Higman-Thompson groups in [6] that do not admit any simple description,
though. To be more precise, for any n ≥ 2 and m ≥ 1 the Higman-Thompson
groups Gn,m are finitely presented infinite groups that are simple if n is even,
and have a simple subgroup G+
n,m of index 2 if n is odd ([6, Theorem 4.6,
Theorem 5.4]). One important property of G+
n,m that plays a crucial role in
+
this paper is that Gn,m contains an isomorphic copy of every countable locally
finite group ([6, Theorem 6.6] and [4, Remark 5.1]). Here, a locally finite
group means a group for which every finitely generated subgroup is finite. In
particular, among many other examples of a locally finite group, every finite
group is locally finite. As a consequence, G+
n,m contains an isomorphic copy of
every finite group. We remark that infinitely many more examples satisfying
the condition of Theorem 1.1 can be found in [1, Proposition 1.4] and [9].
As an immediate consequence of Theorem 1.1, we have the following:
Corollary 1.2. Let X be a first-countable connected cohomology r-manifold
over the integers Z such that the Euler characteristic of X is not equal to 0,
and let Gn,m denote the Higman-Thompson group for any n ≥ 2 and m ≥ 1.
Then Gn,m cannot act effectively on X by homeomorphisms.
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By Remark 5.1 in [4] and the results of Mann and Su in [8], it has already
been shown that Gn,m cannot act effectively by homeomorphisms on any compact manifold and on any finite-dimensional Z/p-acyclic homology manifold
over Z/p for any prime p. Clearly, Theorem 1.1 significantly extends these
results as well as those in [1], since at any rate the Euler characteristic of any
Z/p-acyclic homology manifold over Z/p is equal to one, so definitely not equal
to zero.
In Section 2, we give a proof of Theorem 1.1. To do so, we first prove some
general facts necessary for the proof of Theorem 1.1. In particular, we discuss
certain motivation of this paper related to the well-known Zimmer program
right after Theorem 2.4.
2. Proof of Theorem 1.1
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The aim of this section is to give a proof of Theorem 1.1.
To do so, we first need to recall that the Euler characteristic of a cohomology
manifold does not depend on the choice of coefficients in a field F (see [7,
Corollary 5.12]). In other words, we have
χ(X) = χ(X; F)
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for any cohomology manifold X. It should be remarked that this observation
has not been clearly pointed out in the paper [11] and that it actually plays a
critical role in dealing with finite abelian groups of rank at least two, as in the
proofs of Theorems 2.3 and 2.4.
Now, we begin with the following lemma which seems to be interesting in
its own right.
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Lemma 2.1. Let X be a first-countable connected cohomology r-manifold over
the integers Z, and let p and q denote distinct primes. Let G = (Z/p)n ×(Z/q)m
act effectively on X by homeomorphisms for positive integers n, m. Then we
have
n X
m
m X
n
X
X
χ(X) =
pi q m−j cij =
q i pn−j dij ,
i=0 j=0

where cij and dij are some integers.

Proof. For the proof, we use the mathematical induction on n. To do so,
let us assume that n = 1. Then G = (Z/p) × (Z/q)m acts effectively on X by
homeomorphisms for any m ∈ N. Choose an element α ∈ G such that the order
of α is p. Let F := Fix(α). It follows from [2, Theorem 4.4] and [11, Lemma
2.4] that we have
χ(X) = χ(X − F ) + χ(F ).

(2.1)

Note that hαi acts freely on X − F and that G/hαi ∼
= (Z/q)m acts on F and
(X − F )/hαi. Thus, it follows from [2, Theorem 3.2] and [11, Lemma 2.4] that

By (2.1), we have
(2.2)
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χ(X − F ) = pχ((X − F )/hαi).

χ(X) = χ(X − F ) + χ(F ) = pχ((X − F )/hαi) + χ(F ).

On the other hand, by [11, Theorem 2.5] we have
(2.3)

χ((X − F )/hαi) =

m
X

q m−j aj ,

χ(F ) =

m
X

q m−j bj .

j=0

j=0

G

Hence, it follows from (2.2) and (2.3) that

χ(X) = pχ((X − F )/hαi) + χ(F )
=p

m
X

q m−j aj +

j=0

=

1 X
m
X

m
X

q m−j bj

j=0

pi q m−j cij ,

cij ∈ Z,
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i=0 j=0
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which completes the proof for the case n = 1.
Next, we assume that the statement of the lemma holds for any n ≥ 2.
So let G := (Z/p)n+1 × (Z/q)m act effectively on X by homeomorphisms for
any m ∈ N. As before, choose an element α ∈ G such that the order of
α is p. Let F := Fix(α). Note that hαi acts freely on X − F and that
G/hαi ∼
= (Z/p)n × (Z/q)m acts on F and (X − F )/hαi. Thus, we have
χ(X − F ) = pχ((X − F )/hαi).
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n X
m
X
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On the other hand, by the induction hypothesis we have
pi q m−j aij ,

i=0 j=0

χ(F ) =

n X
m
X

pi q m−j bij .

i=0 j=0

Hence, it follows from (2.2) and (2.4) that

χ(X) = pχ((X − F )/hαi) + χ(F )
=p

n X
m
X

pi q m−j aij +

i=0 j=0

=

m
n+1
XX

n X
m
X

pi q m−j bij

i=0 j=0

pi q m−j cij ,

i=0 j=0

cij ∈ Z,

which completes the proof for the case n + 1.
Similarly, it can be shown that we have
χ(X) =

m X
n
X
i=0 j=0

q i pn−j dij ,

dij ∈ Z.

This completes the proof of Lemma 2.1.
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More generally, it is now immediate to obtain the following lemma whose
proof will be left to a reader.

Lemma 2.2. Let X be a first-countable connected cohomology r-manifold over
the integers Z, and let p1 , p2 , . . . , pk denote distinct primes. Let
G = (Z/p1 )n1 × · · · × (Z/pk )nk

G

act effectively on X by homeomorphisms for positive integers n1 , n2 , . . . , nk .
Then we have
nk
n1 X
n2
X
X
ik−1 nk −ik k
···
pi11 pi22 · · · pk−1
pk
χ(X) =
ci1 i2 ···ik
=

i1 =0 i2 =0
n1 X
n2
X

···

i1 =0 i2 =0

ik =0
nk
X

n

k−1
pi11 pi22 · · · pk−1

−ik−1 ik k−1
pk ci1 i2 ···ik

ik =0

= ···

n2
n1 X
X

nk
X

HD
=

i1 =0 i2 =0

···

i

k−1 nk 1
pn1 1 −i1 pi22 · · · pk−1
pk ci1 i2 ···ik ,

ik =0

where cji1 i2 ···ik are some integers.

For a group G and a prime integer p, recall that the p-rank of G, denoted
by rkp (G), is defined to be

$K

rkp (G) = sup{k ∈ Z | (Z/p)k is embedded into G}.
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Note that it is possible to have rkp (G) = ∞. In this paper, we denote by
Homeo(X) the group of self-homeomorphisms of a cohomology manifold X
over L = Z or Z/p. As usual, in the next theorem we use the convention that
pn = 1 whenever n < 0.

Theorem 2.3. Let X be a first-countable connected cohomology r-manifold
over the integers Z, and let p1 , p2 , . . . , pk denote distinct primes. Let
G = (Z/p1 )n1 × · · · × (Z/pk )nk

act effectively on X by homeomorphisms for positive integers n1 , n2 , . . . , nk
such that for each i = 1, 2, . . . , k, we have
rkpi (Homeo(X)) = ni .
Then the following statements hold.

(1) If the action of G is free, then we have

pn1 1 pn2 2 · · · pnk k |χ(X).

(2) If the action of G is not free, then we have
( n −[ r ] n −[ r ]
n −[ r ]
p1 1 2 p2 2 2 · · · pk k 2 |χ(X), if p1 , p2 , . . . , pk are all odd,
n −[ r2 ]

· · · pk k

|χ(X),

if p1 = 2, p2 , p3 , . . . , pk are all odd.

RI

n −[ r2 ]

2n1 −r p2 2

Proof. (1) If the action G is free, then it follows from [11, Theorem 2.5] or
Lemma 2.1 that for each i = 1, 2, . . . , k we have pni divides χ(X). Since all of
p1 , p2 , . . . , pk are mutually prime, clearly pn1 1 pn2 2 · · · pnk k divides χ(X).
(2) Now, assume that the action of G is not free. Let H := (Z/pk )nk as a
subgroup of G. Then H acts effectively on X by homeomorphisms. Let

G

Xi := {x ∈ X | |Hx | = pik },

where Hx denotes the stabilizer of H at x. Then it follows from [11, Lemma
2.2] that for each x ∈ Xi we have
(
r
, if pk =
6 2,
rkpk (Hx ) = i ≤ 2
r, if pk = 2.

HD

Thus for any i (1 ≤ i ≤ nk ) it is easy to obtain
( n −r
pk k 2 , if pk 6= 2,
nk −i
pk
≥
pnk k −r , if pk = 2.

$K

It then follows from Lemma 2.2 (or a direct argument as in the proof of Lemma
2.1 or 2.2) that
( n −r
pk k 2 |χ(X), if pk 6= 2,
pknk −r |χ(X), if pk = 2.

ON THE ACTIONS OF HIGMAN-THOMPSON GROUPS BY HOMEOMORPHISMS

7

3
ULQ
W

Similarly, by applying the same arguments to pj (1 ≤ j ≤ k − 1), we can
show
( n −r
pj j 2 |χ(X), if pj 6= 2,
n −r
pj j |χ(X), if pj = 2.

Since all of p1 , p2 , . . . , pk are mutually prime, it is immediate to obtain the
desired divisibilities of the Euler characteristic of X. This completes the proof
of Theorem 2.3.

Theorem 2.4. Let X be a first-countable connected cohomology r-manifold
over the integers Z, and let p1 , p2 , . . . , pk denote distinct odd primes. Then the
following statements hold.
(1) Assume that n1 , n2 , . . . , nk ≥ [ 2r ], but not all of them are equal to [ 2r ]
and that the Euler characteristic χ(X) of X is not equal to zero modulo
n −[ r2 ] n2 −[ r2 ]
p2

p1 1
Then

n −[ r2 ]

· · · pk k

.

G := (Z/p1 )n1 × · · · × (Z/pk )nk

RI

cannot act effectively on X by homeomorphisms.
(2) Assume that n0 ≥ r and n1 , n2 , . . . , nk ≥ [ 2r ], but n0 6= r or not all of
them are equal to [ 2r ] and that the Euler characteristic χ(X) of X is
not equal to zero modulo
n −[ r2 ] n2 −[ r2 ]
p2

2n0 −r p1 1

Then

n −[ r2 ]

· · · pk k

.

G := (Z/2)n0 × (Z/p1 )n1 × · · · × (Z/pk )nk

G

cannot act effectively on X by homeomorphisms.

Proof. Suppose that G acts effectively on X by homeomorphisms. Then it
follows from Theorem 2.3 that we have
( n −[ r ] n −[ r ]
n −[ r ]
p1 1 2 p2 2 2 · · · pk k 2 |χ(X), if p1 , p2 , . . . , pk are all odd,
n −[ r2 ]

2n1 −r p2 2

n −[ r2 ]

· · · pk k

|χ(X),

if p1 = 2, p2 , p3 , . . . , pk are all odd.

HD

This is clearly a contradiction to the assumptions made in (1) and (2) of Theorem 1.1. This completes the proof.
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Theorem 2.4 generalizes [11, Theorem 2.6] that plays an important role in
the proof of [11, Theorem 1.2] for the actions of SAut(Fn ) by homeomorphisms
on a cohomology manifold with certain non-zero Euler characteristic. Actually,
Ye makes use of the rigidity property of a finite abelian group (Z/3)m embedded
in SAut(Fn ) as in [4].
It is clear that for any compact connected manifold X of dimension less than
n − 1 with a non-zero Euler characteristic, there exists a prime p for which the
Euler characteristic is not equal to zero modulo p. Hence, if SL(n, Z) contains
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an isomorphic copy of (Z/p)m for such a prime p, then it follows from Theorem
2.4 that the action of SL(n, Z) by homeomorphisms on X should be trivial.
In view of this discussion, it would be interesting to ask if we can find
some finite abelian groups of the form (Z/p1 )n1 × · · · × (Z/pk )nk embedded
in SAut(Fn ). As mentioned in Section 1, it is well-known that the HigmanThompson groups Gn,m contain an isomorphic copy of every finite group.
Finally, we are ready to give a proof of Theorem 1.1.

Proof of Theorem 1.1. Since our group G contain an isomorphic copy of (Z/p)n
with n > r for any prime p, it follows from Theorem 2.4 that if X admits an
effective action of G, the Euler characteristic χ(X) of X should be equal to
zero modulo p for any prime p. Hence χ(X) should be equal to zero, which is
a contradiction. This completes the proof.
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