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GENERIC LIGHTLIKE SUBMANIFOLDS OF
AN INDEFINITE KAEHLER MANIFOLD WITH A
QUARTER-SYMMETRIC METRIC CONNECTION

DAE Ho JIN

ABSTRACT. Jin studied lightlike hypersurfaces of an indefinite Kaehler
manifold [6, 8] or indefinite trans-Sasakian manifold [7] with a quarter-
symmetric metric connection. Jin also studied generic lightlike subman-
ifolds of an indefinite trans-Sasakian manifold with a quarter-symmetric
metric connection [10]. We study generic lightlike submanifolds of an
indefinite Kaehler manifold with a quarter-symmetric metric connection.

1. Introduction

A lightlike submanifold M of an indefinite almost complex manifold M is
called generic if there exists a screen distribution S(T'M) of M such that

(1.1) J(S(TM)*) c S(TM),

where S(TM)* is the orthogonal complement of S(T'M) in the tangent bundle
TM of M. The generic lightlike submanifold was introduced by Jin-Lee [11]
and later, studied by several authors [3-5,10,12]. The theory of generic lightlike
submanifolds is an extension of that of lightlike hypersurfaces.

A linear connection V on a semi-Riemannian manifold (M, g) is said to be
a quarter-symmetric connection if its torsion tensor T satisfies

(1.2) TX,Y)=0)JX —0(X)JY,

where J is a (1, 1)-type tensor field and 6 is a 1-form associated with a smooth
unit vector field ¢ by 6(X) = g(X, (). Throughout this paper, we denote by
X,Y and Z the smooth vector fields on M. Furthermore, if V is a metric
connection, then we say that V is a quarter-symmetric metric connection. The
notion of quarter-symmetric metric connection was introduced Yano-Imai [14].
Recently, Jin extended this notion to indefinite Kaehler manifold or indefinite
trans-Sasakian manifold and then, studied the geometry of lightlike hyper-
surfaces of an indefinite Kaehler manifold [6, 8] or indefinite trans-Sasakian
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manifold [7] with a quarter-symmetric metric connection. Also, Jin studied
generic lightlike submanifolds of an indefinite trans-Sasakian manifold with a
quarter-symmetric metric connection [10].

Remark 1.1. Denote by V the Levi-Civita connection of an indefinite Kachler
manifold (M,gq,J) with respect to g. It is known [8] that a linear connection
V on M is a quarter-symmetric metric connection if and only if V sinisfies

(1.3) VY = VxY —0(X)JY.
The object of study of this paper is generic lightlike submanifolds of an indef-

inite Kaehler manifold (M, g, J) with a quarter-symmetric metric connection,
in which the tensor field J, defined by (1.2), is identical with the indefinite
almost complex structure J on (M, g, J).

In this paper, by the method of [10] but using indefinite Kaehler manifolds
instead of indefinite trans-Sasakian manifolds and indefinite complex space
forms instead of indefinite generalized Sasakian space forms, we study generic
lightlike submanifolds of an indefinite Kaehler manifold and indefinite complex
space form with a quarter-symmetric metric connection.

2. Preliminaries

Let M = (M, g, J) be an indefinite Kaeler manifold, where g is a semi-
Riemannian metric and J is an indefinite almost complex structure such that

(2.1) JX =-X, gJX,JY)=gX,Y), (VxJ)Y =0.

Replacing the Levi-Civita connection v by the quarter-symmetric metric con-
nection V given by (1.3), the third equation of (2.1) is reduced to

(2.2) (VJ)Y =0.

Let (M, g) be an m-dimensional lightlike submanifold of an indefinite Kaehler
manifold M of dimension (m + n). Then the radical distribution Rad(T'M) of
M, defined by Rad(TM) = TM NTM™, is a subbundle of the tangent bundle
TM and the normal bundle TM~*, of rank 7 (1 < r < min{m, n}). In case
1 < r < min{m, n}, we say that M is an r-lightlike submanifold [2] of M. In
this case, there exist two complementary non-degenerate distributions S(T'M)
and S(TM*) of Rad(TM) in TM and TM+~ respectively, which are called the
screen and co-screen distributions of M [2], such that

™M = Rad(TM) Dorth S(TM)a TML = Rad(TM) Dorth S(TML)7

where @5, denotes the orthogonal direct sum. Denote by F(M) the algebra
of smooth functions on M and by I'(E) the F(M) module of smooth sections
of a vector bundle E over M. Also denote by (2.1); the i-th equation of (2.1).
We use the same notations for any others. Let X, Y, Z and W be the vector
fields on M, unless otherwise specified. We use the following range of indices:

i gy k, ... € {l, ..., r} a, bye,... €{r+1,...,n}
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Let tr(TM) and ltr(T M) be complementary vector bundles to T'M in T'M
and TM~ in S(TM)* respectively and let {Ny, ..., N,} be a lightlike basis of
ltr(TM)),,, where U is a coordinate neighborhood of M, such that

9(Ni, &) = b5, g(Ni, Nj) =0,
where {&1,...,&-} is a lightlike basis of Rad(TM)

lees

lue- Then we have

TM = TM @ tr(TM) = {Rad(TM) & tr(TM)} @open, S(TM)
= {Rad(TM) & ltr(TM)} @ortn S(TM) ®op, S(TM™L).

For the rest of this paper, we consider only r-lightlike submanifolds M, with
following local quasi-orthonormal field of frames of M:

{617"'35T7 N17"'5N’r‘7 F’r‘+1,"'7Fm7 ET+17"'7E7L}7

where {F,11,...,Fp} and {E,11, ..., E,} are orthonormal bases of S(T'M)
and S(T M), respectively. Denote ¢, = §(Eq, E,). Then €,645 = G(Eq, Ep).

Let P be the projection morphism of TM on S(T'M). Then the local Gauss-
Weingarten formulae of M and S(TM) are given respectively by

(2.3) VxY = VxY + > h(X,Y)Ni+ > hi(X,Y)E,,
1=1 a=r+1
(2.4) VxNi = =Ay X+ > 7j(X)N;j+ > pia(X)Ea,
j=1 a=r+1
(2.5) VxEs = A, X+ 6a(X)N;+ > 0up(X)Ey;
=1 b=r+1
(2.6) VxPY = VYPY +Y hi(X,PY)&,
=1
(2.7) Vxé& = _AZiX_ZTji(X)gja
j=1

where V and V* are induced linear connections on M and S(TM) respectively,
hY and h? are called the local second fundamental forms on M, h} are called
the local screen second fundamental forms on S(TM). A, , A, and A are
linear operators on M, and 74, piq, $ai and gy are 1-forms on M.

For any generic lightlike submanifold M, from (1.1) we show that the dis-
tributions J(Rad(TM)), J(ltr(TM)) and J(S(TM+)) are vector subbundles
of S(T'M). Thus there exist two non-degenerate almost complex distributions
H, and H with respect to J, i.e., J(H,) = H, and J(H) = H, such that

S(TM) = {J(Rad(TM)) ® J(Itr(TM))} Doren J(S(TM)) Boren Ho,
H = Rad(TM) @opin J(Rad(TM)) Soren Ho.
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In this case, the tangent bundle TM of M is decomposed as follows:
(2.8) TM = H @ J(Itr(TM)) @open, J(S(TM1)).

Consider 2r local null vector fields U; and V;, (n —r) local non-null unit vector
fields W,, and their 1-forms u;, v; and w, defined by

(2.9) U, = —JN,, Vi = —J€, W, = —JE,,
(210) wi(X) =g(X, Vi), vi(X)=g(X,Ui), wa(X) = eag(X, Wa).

Denote by S the projection morphism of TM on H and by F' the tensor field
of type (1,1) globally defined on M by F = JoS. Then JX is expressed as

T n
(2.11) JX =FX +Y w(X)N;+ Y wi(X)E
=1 a=r+1

Applying J to (2.11) and using (2.1); and (2.9), we have

(2.12) FPX = -X+ > w(X)Ui+ Y w (X)W,
1=1 a=r+1

We say that F' is the induced structure tensor field of J on M.

3. Quarter-symmetric metric connection

Substituting (2.3) into (Vxg)(Y, Z) = 0, we obtain

(3.1) (Vxg)(Y, Z) Z{he X, Y)ni(Z) + hi(X, Z)mi(Y)},

=1
where n; is a 1-form such that 7;(X) = g(X, N;). Substituting (2.3) and (2.11)
into (1.2) and then, comparing the tangent, lightlike transversal and co-screen
components of the left and right terms, we have

(3.2) T(X,Y)=0(Y)FX — 0(X)FY,
(3.3) WX, Y) = R(Y, X) = (Y )ui(X) = 0(X)us(Y),
(34) ha(X,Y) = hg (Y, X) = 0(Y )we(X) — 6(X)wa(Y),

where T is the torsion tensor with respect to the induced connection V.

From the facts that hf(X,Y) = g(VxY, &) and €,h(X,Y) = g(VxY, E,),
we know that hf and h¢ are independent of the choice of S(T'M). The local
second fundamental forms are related to their shape operators by

(3.5) h{(X,Y) = g(AL, X,Y) = Y hi(X, &)me(Y),
k=1
(3.6) cahi(X,Y) =g(A,, X,Y) quak

(3.7) hi(X,PY) = g(A, X,PY).
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Applying Vx to g(&,&;) = 0, G(&, Ea) = 0, g(Ni, Nj) = 0, g(Ny, E,) = 0 and
G(Eq, Ep) = €41, we obtain

hf(Xagj)_'_h‘ﬁ(Xagz) :Ov hZ(val) - _€a¢ai(X)7
(3.8) 0j(Ay, X) +mi(Ay, X) =0, g(A,, X, Ni) = eapia(X),
€,Taqb + €a0ba = 0 and hf(Xa 62) = Ov hf(é.],é-k) =0.

Applying Vx to (2.9) and (2.11) by turns and using (2.2) ~ (2.5), (2.7),
(2.9) ~(2.11) and (3.5) ~ (3.8)2, we have
h;(Xv Uz) :h;'k(XVVj)? Gahf(Xawa) :hZ(X’Ui)ﬂ
(3.9) h(X, Vi) = hi(X, V), eahf(X, Wa) = hi (X, Vi),
thZ(X,W ) = €ah (X Wb)

(3.10) VxUi = F(A, X)+ Y (XU + Y pia(X)W,
7j=1 a=r+1
(3.11) ViV = F(AL X Zm W+ Y hi(X,&)U;
=1

n

- Z €a¢ai(X)W

a=r+1
(3.12) VxWa = F(A, X)+ > dai(X)U; + Z T (X)W,
i=1 b=r+1
(3.13) (VxF)(Y Zu, )A,, X + Z wa(Y)A,, X
a=r+1
—thXYU— Z hy (X, Y)W,
a=r+1

4. Recurrent and Lie recurrent submanifolds

Recently, Jin [10] studied recurrent and Lie recurrent generic lightlike sub-
manifolds of an indefinite trans-Sasakian manifold with a quarter-symmetric
metric connection. We now follow the general scheme in [10]. Using the method
of [10], we study recurrent and Lie recurrent generic lightlike submanifolds of
an indefinite Kaehler manifold with a quarter-symmetric metric connection.

Definition. We say that a lightlike submanifold M of M is called
(1) irrotational[13] if Vx& € T(TM) for all i € {1, ..., r},
(2) solenoidal [12] if A, and A are S(T'M)-valued,
(3) statical [12] if M is both irrotational and solenoidal.
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Remark 4.1. From (2.3) and (3.8)a, the item (1) is equivalent to

(4.1) h5(X, &) =0, hi(X, &) = ¢ai(X) = 0.
By using (3.8)4, the item (2) is equivalent to
(42) nJ(ANLX) =0, pza(X) = nz(AEa X) =0.

Denote by Aij, fias Vias Kab and X;; the 1-forms on M such that
Xij (X) = h{(X,U;) = b3(X,V;), Kab(X) = €ahy (X, Wh),

(43) (X)) = hE(X, W) = €h5(X, Vi), xi(X) = hi(X, V),
Vai(X) = h;(X, Wa) = EahZ(X, Ui)~

Definition. The structure tensor field F' of the generic lightlike submanifold
M is said to be recurrent [9,10] if there exists a 1-form @ on M such that

(VxF)Y = w(X)FY.

Theorem 4.2. Let M be a generic lightlike submanifold of an indefinite
Kaehler manifold with a quarter-symmetric metric connection. If F is recur-
rent, then
(1) F is parallel with respect to the induced connection V on M,
(2) M is statical,
(3) J(itr(TM)), J(S(TM™)) and H are parallel distributions on M, and
(4) M is locally a product manifold M, x M,,_, x M*, where M,, M,,_, and
M?* are leaves of J(Itr(TM)), J(S(TM™)) and H respectively.

Proof. (1) From the above definition and (3.13), we obtain

(4.4) FY—Zu, Y)A, X+Zwa A, X
a=r+1

—Zh‘XYU—Zh (X, Y)W,
a=r+1

Replacing Y by ; to this equation and using the fact that F'§; = =V, we get

(4.5) @(X)V; = WX, &)U+ > (X, &)W,

k=1 b=r+1
Taking the scalar product with U;,V; and W, by turns, we obtain

’WZO, hf(X,EJ):O, hZ(XaSj):d)aj(X):O
respectively. As w = 0, F' is parallel with respect to the connection V.
(2) As h{(X,&;) = 0 and hi(X,&;) = 0, by (4.1) M is irrotational. Also, M
is solenoidal. In fact, taking the scalar product with N; to (4.4), we have

n

Zuz G(Ay X,Nj)+ > wa(Y)g(A,, X,N;) =0.

a=r+1
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Taking Y = U; and Y = W, by turns, we get (4.2). Thus M is statical.
(3) Taking the scalar product with U; to (4.4), we get

n

Zuz g(A X Uj) + > wa(Y)g(A,, X,U;) =0

a=r+1
Taking Y = Uk and Y = W, to this equation by turns, we obtain
(4.6) hi(X,U;) = g(Ay, X, Uj) =0, vai(X) = g(A,, X,U;) = 0.
Taking the scalar product with V; and W), to (4.4) by turns, we have

n

(4.7) RE(X,Y) Z/\” + > pia(X)wa(Y),
a=r+1
ahy(X,Y) = Y pa(X)wp(Y),
b=r+1
by (3.6), (3.7), (4.3) and (4.6)2. Replacing Y by V; to (4.7)1,2, we have
(4.8) Xii(X) = h{(X, V) =0, pia(X) = h3(X,V;) = 0.

Taking Y = U; and Y = W, to (4.4) and using (4.3), (4.6)2 and (4.8)2, we get

(4.9) A X = ZAJ, Uy, Ap, X =Y ephipa(X)Wh.
b=r+1

Using (3.5), (4.1), (4.8)2 and the non-degenerateness of S(T'M), (4.7); reduces
(4.10) A X =) N(X)Y,

Applying F' to (4.9)1,2, we have F'(A, X) =0 and F'(A, X) = 0. Substi-
tuting these results into (3.10) and (3.12), we obtain

n

(4.11) VxU; = Zm U, VxWa= > oa(X)W,.
b=r+1

It follow that J (ltr(TM )) and J(S(TM)) are parallel distributions on M with
respect to the induced connection V on M, that is,

VxU; € T(J(Itr(TM))),  VxW, € T(J(S(TM™))).
Applying F' to (4.10), we get F(AZ X) =", Aij(X)&;. Thus we have

Jj=1

(4.12) VaVi =Y {A(X)g — ma(X)V5}
j=1
By directed calculations from (2.3), (4.8), (4.11)2 and (4.12), we see that
g(VxY, Vi) =0and g(VxY,W,) =0forall X e I'(TM) and Y € T'(H). Thus

VxY el(H), VX eI'(TM), VY e I'(H).
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Thus H is also a parallel distribution on M with respect to V.

(4) As J(Itr(TM)), J(S(TM+*)) and H are parallel distributions and satisfy
the decomposition form (2.8), by the decomposition theorem of de Rham [1],
M is locally a product manifold M, x M,,_, x Mﬁ, where M,., M, _, and M?
are leaves of J(Itr(TM)), J(S(TM™)) and H respectively. O

Definition. The structure tensor field F' of M is said to be Lie recurrent or
L-recurrent [9] if there exists a 1-form ¥ on M such that

(L F)Y =9(X)FY.

In particular, if ¥ = 0, that is, L, F' = 0, then F' is called Lie parallel, where
L, denotes the Lie derivative on M with respect to X, that is,

(L F)Y =[X,FY] - F[X,Y].

Theorem 4.3. Let M be a generic lightlike submanifold of an indefinite
Kaehler manifold with a quarter-symmetric metric connection. If F is L-
recurrent, then

(1) F is Lie parallel,

(2) 7ij and piq are satisfied ;,; 0 F' =0 and p;q o F = 0. Moreover,

Ti; (X Zuk g(A, VJ,N)

Proof. (1) Using (2.12), (3.2) and (3.13), we get

(4.13) HX)FY = —VFyX—i—FVyX 0( )X —0(FY)FX
—I—Zuz Y)A, X—l—Zwa Y)A,, X
a=r+1

. Z{hf(x, Y) = 0(Y)ui(X)}U;

— > ABXY) = 0(Y )we(X)} W,

a=r+1
Let o; = 0(;). Taking Y =¢; and Y = V; to (4.13) respectively, we have
(4.14) —9(X)V; = Vy, X+ FVeg, X —o; X +0(V;) FX

- Z{hf(X, &) — ayui(X)}U;

— > X&) — ajwa(X)} W,

a=r+1

(4.15) I(X)E; = —Ve, X + FVy, X — 0(V;)X — a; FX
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= 2RI, V)) = 0(V)ui(X)}U;

— 3 (X, V) - 0(V))wa (X))} W

a=r+1

Taking the scalar product with U; to (4.14) and then, taking the scalar product
with N; to (4.15), we obtain respectively

—0(X)di; = g(Vv; X, Us) = 9(Ve, X, N;i) — vy (X) — 0(V;)mi(X),
D(X)bi; = g(Vv, X, U;) —G(Ve, X, Ni) — ajui(X) — 0(V;)mi(X).

Comparing these two equations, we get ¢ = 0. Thus F is Lie parallel.

(2) Taking the scalar product with N; to (4.14) such that X = W, and using
(3.4), (3.6), (3.8)4 and (3.12), we get hi(U;,V;) = pia(&;). On the other hand,
taking the scalar product with W, to (4.15) such that X = U, and using (3.10),
we have hj(U;, V) = —pia(&). Thus pie(§;) = 0 and A3 (U;, Vj) =

Taking the scalar product with U; to (4.14) such that X = W and using
(3.4), (3.6), (3.8)2,4 and (3.12), we get €40ia(V;) = ¢a;(U;). On the other hand,
taking the scalar product with W, to (4.14) such that X = U; and using (3.8)2
and (3.10), we get €.pia(V;) = —¢q;(U;). Thus p;a(V;) =0 and ¢,;(U;) = 0.

Taking the scalar product with V; to (4.14) such that X = W, and using
(3.3), (3.4), (3.8)2, (3.9)4 and (3.12), we get ¢q;(V}) = —¢q;(Vi). On the other
hand, taking the scalar product with W, to (4.14) such that X = V; and using
(3.8)2 and (3.11), we have ¢4;(V;) = ¢4;(Vi). Thus ¢4 (V;) = 0.

Taking the scalar product with W, to (4.14) such that X = ¢ and using
(2.7), (3.5) and (3.8)2, we get hf(V;, Wa) = ¢ai(&;). On the other hand, taking
the scalar product with V; to (4.15) such that X = W, and using (3.3) and
(3.12), we have hf(V;, W,) = —¢4i(&;). Thus ¢a;i(&;) = 0 and hé(V;, W,) = 0.
Summarizing the above results, we obtain

(4.16)  pia(&5) =0, pia(Vj) =0, ¢ai(U;) =0, ¢ai(V;) =0, dai(§;) =0
he (Ui, Vi) = W5(Us, Wa) = 0, hi(Vy, Wa) = hi (V;, Vi) = 0
Taking the scalar product with N; to (4.13) and using (3.8)4, we have

(17) Gy XN £V X, U) — 00 i(X) — O(FY ()

n

+Zuk GA, X, N+ Y qwa(Y)pia(X) = 0.

a=r+1

Replacing X by V; to (4.17) and using (3.5), (3.11) and (4.16)2, we have

(4.18) We(FX,U;) + 7i5(X) + 6;;0(FX) Zuk (A, Vi, N;).

N "D
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Replacing X by &; to (4.17) and using (2.7), (3.5) and (4.16)1, we have
(4.19) hA(X,Uy) + 0i50(X Zuk 9(Ay &, Ni) + 7i(FX).

Taking X = Uy, to (4.19), we have
(4.20) hi (U, V) = 15(Us, Us) = G(Ay, &, Ni) = 0;0(Us).

Replacing X by U; to (4.13) and using (2.12), (3.3), (3.4), (3.7), (3.9)1,2 and
(3.10), we obtain

(4.21) Zuk VA, Ui + Z wa(Y)A,, Ui — 0(Y)U;

a=r+1

e(U,»){Zuj( VU, + Z wa(Y)Wa} — A, Y
=1 a=r+1

F(A, FY)— inj(FY)Uj = > piaFY)W, =0.

j=1 a=r+1

Taking the scalar product with V; to (4.21) and using (3.7), (3.8)s, (3.9)1,
(4.16)6 and (4.20), we get

hS(X,U;) + 6:;0(X Zuk )9(Ay, &» Ni) — 75 (FX).
Comparing this equation with (4.19), we obtain

hA(X,U) +6,;0(X) =0, 7(FX) —|—Zuk )3(Ay, &, Ni) = 0.
k=1

Replacing X by Up, to the second equation, we get g(ANk &, N;) =0. Thus,
(4.22) 75 (FX) =0, h(X,U;) 4 6;60(X) =0
Taking X = FY to (4.22)2, we obtain
KS(FX,U;) + 6,;0(FY) = 0.
From this equation and (4.18), we see that

(4.23) 7ij (X Z up(X)g(Ay, Vi, Ny).

Replacing Y by W, to (4.21), we have
Ay Wo +0(Wo)U; = A, Ui + 0(Ui) W,
Taking the product with U; and using (3.4), (3.6), (3.7) and (3.9)2, we get
(4.24) hi(Wa, Uj) = €ahg (Ui, Uj) = €ahg (U, Us) = i (Uj, Wa).
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Taking the scalar product with W, to (4.21), we have
€apia(FY) = —hi (Y, W,) + €.0(U;)wa(Y)

+ Y w (WU Wa) + > ey (Y)hi (Ui, Wa).
k=1 b=r+1
Taking the scalar product with U; to (4.13) and then, taking X = W, and
using (3.4), (3.6), (3.7), (3.8)4, (3.9)2, (3.12) and (4.24), we obtain

€apia(FY) = hi (Y, W,) — €a0(Us)wa(Y)
= > (V)i (Ui, Wa) = Y eqwn (V) (Ui, Way).
k=1 b=r+1

Comparing the last two equations, we obtain p;(FY') = 0. O

5. Indefinite complex space forms

Denote by R, R and R* the curvature tensor of the quarter-symmetric metric
connection V on M, and the curvature tensors of the induced connections V
and V* on M and S(T M), respectively. Using the Gauss-Weingarten formulae,
we obtain the Gauss equations for M and S(T'M), respectively :

(5.1) R(X,Y)Z =R(X,Y)Z

+ i{hf(X, Z)A, Y —hi(Y,Z)A, X}

b _Z {ha(X, 2) A, Y = ha(Y, Z)Ap, X}
a=ri1

+ g{(vth>(x Z) = (Vyh))(X, 2)

+ r [rji(X)RE(Y, Z) — 755(V)RS(X, Z))]

=

+ ) [$ai(X)S(Y, Z) — $ai(Y)R(X, Z)]
a=r+1

— 0(X)L(FY, Z) + 6(Y)H(FX, Z)}N,

3 =

+ > A(Vxh)(Y.2) = (Vyhy)(X, Z)
a=r+1

+ Y [Pia(XR{(Y. Z) = pia(Y)R3(X, Z)]

i=1



12 D. H. JIN

+ Z oba(X)R(Y, Z) — 000 (Y)RE(X, Z)]
b=r+1
— 0(X)h(FY, Z) + 0(Y)ho (FX, Z) } E,,

(5.2)  R(X,Y)PZ = R*(X,Y)PZ
+ > {ni(X, PZ)ALY — b (Y, PZ)A;, X},
i=1

£ S VRO, PZ) — (Vyhi)(X, PZ)

i=1

— 0(X)hi (FY, PZ) + 60(Y)hi(FX, PZ)}E;.

Definition. An indefinite complex space form M (c) is a connected indefinite
Kaehler manifold of constant holomorphic sectional curvature ¢ such that

5.3) RX.Y)Z = g{m?, 72X - 3(X,2)Y
+9(JY,2)JX —g(JX,2)JY +24(X,JY)JZ},
where R is the curvature tensor of the Levi-Civita connection V on M.
By directed calculations from (1.2) and (1.3), we see that
(5.4) R(X,Y)Z = R(X,V)Z - {(Vx0)(Y) - (Vy6)(X)
+0Y)0(JX)—0(X)0(JY)}JIZ.

Taking the scalar product with & and N; to (5.4) by turns and substituting
(5.1) and (5.3) into the left-right terms and using (3.8)4 and (5.2), we get

(5.5) (thf)(Y Z) — (Vyht)(X, Z)

+ Z{Tkl Ve (Y, Z) — ma(Y)he(X, Z)}

+ Z {ai (X)5(Y, Z) — $ai(Y)R5(X, Z)}

a=r+1
— O(X)WYFY,Z) + (Y)W (FX, Z)
+{(Vx0)(Y) = (Vy0)(X) +0(Y)O(JX) — 0(X)0(JY ) }u;i(2)
= {w(X)5IY, 2) — (V)G X, 2) + 2u( 2)3(X. JY)},

(5.6) (Vxhi)(Y,PZ) = (Vyhi)(X, PZ)
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+ Y {rin(Y)hi(X, PZ) — min(X)h; (Y, PZ)}
k=1

+ i{hi(X, PZ)ni(Ay,Y) = hi (Y, PZ)mi(A,, X)}
k=1

+ Y dpia(VIRLX. PZ) = pia XOR(Y, PZ)}
a=r+1
— 0(X)h;(FY,PZ)+6(Y)h;(FX,PZ)
+{(Vx)(Y) ~ (Ty)(X) +0(Y)I(IX) ~ 6(X)0(IY ) }i( PZ)
= (V. PZy(X) — (X, PZi(Y)
+0(X)g(JY,PZ) —v;(Y)g(JX, PZ) + 2v;(PZ)g(X, JY)}.

Theorem 5.1. Let M be a generic lightlike submanifold of an indefinite com-
plex space form M (c) with a quarter-symmetric metric connection. If one of
the following four conditions is satisfied;

(1) F is recurrent,

(2) F is Lie recurrent,

(3) Uis are parallel with respect to the induced connection V, or

(4) Was are parallel with respect to V and A &; belong to S(TM),

then ¢ = 0 and M(c) is flat. Furthermore, in case (3) M is solenoidal.

Proof. (1) By Theorem 4.1, we show that M is solenoidal, i.e., n;(A,, X) =0
and p;, = 0, and the equations (4.9) and (4.11) are satisfied. Taking the scalar
product with U; to (4.9); and using (3.7), we obtain

BH(X,U) = 0.
Applying Vx to h}(Y,U;) = 0 and using (4.11);, we obtain
(Vxhi)(Y,U;) = 0.
Taking PZ = U; to (5.6) and using the last two equations, we have
c
7 0 (V)mi(X) = v (X)m(Y) + 0 (YV)n;(X) = 0i(X); (Y)} = 0.

Taking X = ¢; and Y = V; to this equation, we have ¢ = 0. Thus M (c) is flat.
(2) Replacing Y by U; to (3.3) and using (4.22),, we have

hi(U;, X) = —0(U;)us(X).
From this equation and (2.10), we obtain
hi (Ui, F(Ay, &) = —0(Ui)ui(F(A, &) = 0.
Replacing X by &; and Y by F(ANj U;) to (3.3), we obtain
hf(gja F(AN] Ul)) = h‘f(F‘(ANJ Ul)’ gj)
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Taking Y = U; to (4.21), we have
ANj U; + H(UZ)UJ = ANi Uj + G(U])Ul
Applying F' to this equation, we get F(ANJ_ Ui) = F(A,,Uj). Thus F(ANJ_ Ui)
is symmetric with respect to ¢ and j. From this result and (3.8);, we obtain
hf(gja F(ANj Ul)) = hf(F(AN] Ul)a&]) = 0.

By Theorem 4.2, the equations (4.16), (4.21) and (4.22) are satisfied. Ap-

plying Vx to h(Y,U;) = —6;;6(Y) and using (2.3) and (3.10), we have
(Vxh))(Y,Uj)

= =5 {(VxO) () + Y Brhi(X,Y) + Y vahi(X,Y)}
k=1 a=r+1

— h{(Y,F(Ay, X))+ 0(Y)m5:(X) = > pia(X)R{(Y, Wa).
a=r+1

Substituting this equation and (4.22), into (5.5) such that Z = U; and using
(2.11), (3.2)~(3.4), (3.9)4 and (3.10), we get

BA(X.F(A,,Y)) — h(Y. F(4, X))

+ Y eadpia(V)RL(X,VE) = pia(X)RE (Y, V) }

a=r+1
+ D ASa(X)RA(Y,Uj) — das (V)3 (X, U;)}
a=r+1
c
= lu(Y)n;(X) —ui(X)n; (V) + 20559(X, JY)}.
Taking Y = U; and X = ¢; and using (3.4), (3.8)2 and (4.16)1,3, 4,5, we get

(5.7) hi(Us, F(Ay ) = hi(&, F(Ay, Ui) = ZC'

From the above results and (5.7), we have ¢ = 0. Thus M (c) is flat.
(3) If U; is parallel with respect to V, then, taking the scalar product with
Uj, W, and Nj to (3.10) with VxU; = 0 by turns, we get respectively

(58) Uj(ANiX) =0, pia =0, h: (X; U]) =0.

From (4.2) and (5.8)1,2, we see that M is solenoidal.
Applying Vx to hf(Y,U;) = 0 and using the fact that VxU; = 0, we have

(Vxch)(Y,Uj) = 0.
Substituting (5.8) and the last equation into (5.6) with PZ = U;, we obtain
c
7 0 (Y)mi(X) = v (X)mi (V) + (Y )7 (X) — 0i(X)m; ()} = 0.

Taking X = & and Y = V; to this equation, we have ¢ = 0. Thus M (c) is flat.
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(4) If W, is parallel with respect to V, then, taking the scalar product with
Vi, U; and N; to (3.12) with VxW, = 0 by turns, we get respectively
(59) ¢ai = 07 Pia = 0, hr (X, Wa) =0.
Applying Vx to hf(Y,W,) = 0 and using the fact that VxW, = 0, we have
(Vxhi)(Y,W,) = 0.
Substituting this equation and (5.9) into (5.6) with PZ = W,, we get
D AR(X Vidni(Ay, Y) = By (Y, Vini(A,, X)}
k=1
c
= 1 {wa(Y)mi(X) = wa(X)ni(Y)}-

Taking X = ¢ and Y = W, and using (3.4) and (3.8)3,3, we obtain

c
hZ(Wm Vk)nk(ANigi) = 4
Assume that A, & belong to S(T'M). Then we have ¢ = 0. O

Definition. The lightlike submanifold M is called screen totally umbilical [2]
if there exist smooth functions v; on a coordinate neighborhood U such that

(5.10) hI(X,PY) =,9(X,Y).

Theorem 5.2. Let M be a screen totally umbilical generic lightlike submanifold
of an indefinite complex space form M(c) with a quarter-symmetric metric
connection. If M is irrotational or solenoidal, then M (c) is flat.

Proof. From (3.9)1,2 and (5.10), we have

he (X, Ui) = viu; (X), ho (X, Us) = viwa (X).
Taking X = £ to these two equations, we obtain
(5.11) K&, Us) = 0, he (&, U;) = 0.

Taking X = ¢, and Y = U; to (3.3) and (3.4) and using (5.11); 2, we have
hE(Us, &) = 6j0u, he (Ui, &) = 0.

Taking j = k to the first equation and using (3.8)g, we get a; = 0 for all 4.
Applying Vz to (5.10) and using (3.1), we obtain

T
(Vxh))(Y,PZ) = (X7:)g(Y,PZ) + > %ihi(X,PZ)ni(Y).
k=1
Substituting the last equation into (5.6), we have

T T

(X7 =Y wra(X)}g(Y. PZ) = (Y = > weman(Y)}g(X, PZ)
k=1 k=1
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+ 7Y WX, PZ)i(Y) = Wi (Y, PZ)mi(X)]
k=1
+9(FX, PZ)0(Y) — g(FY,PZ)0(X)}

+ Y cadpaV)R(X, PZ) = pia(X)h5(Y, PZ)}

a=r+1

+ Z {hi(X, PZ)ni(A,, Y) = Wi (Y, PZ)ni(Ay, X)}
k=1
+{(VxO)(Y) = (Ty0)(X) +0(Y)0(IX) = 0(X)0(IY )}vi(PZ)
= oV, PZ)i(X) — g(X. PZ)ni(Y)

+ 0(X)G(JY, PZ) — v;(Y)G(JX, PZ) + 20;(PZ)g(X, JY)}.

Taking X =V;, Y =U; and PZ = ¢; and using (5.11), we obtain

T n

Z {hi(‘/;7€.j)ni(ANk Uj) - Z Pia(U;)9a;(Vi)} =

C
1
k=1 a=r+1

Therefore, if M is irrotational or solenoidal, then M (c) is flat. O

[1]
(2]
[3]
[4]
[5]
[6]
[7]
(8]
[9]

(10]

(11]
(12]

(13]

References

G. de Rham, Sur la réductibilité d’un espace de Riemannian, Comment. Math. Helv.
26 (1952), 328-344.

K. L. Duggal and A. Bejancu, Lightlike Submanifolds of Semi-Riemannian Manifolds
and Applications, Kluwer Acad. Publishers, Dordrecht, 1996.

K. L. Duggal and D. H. Jin, Generic lightlike submanifolds of an indefinite Sasakian
manifold, Int. Electron. J. Geom. 5 (2012), no. 1, 108-119.

D. H. Jin, Indefinite generalized Sasakian space form admitting a generic lightlike sub-
manifold, Bull. Korean Math. Soc. 51 (2014), no. 6, 1711-1726.

, Generic lightlike submanifolds of an indefinite trans-Sasakian manifold of a
quasi-constant curvature, Appl. Math. Sci. 9 (2015), no. 60, 2985-2997.

_, Lightlike hypersurfaces of an indefinite Kaehler manifold with a quarter-
symmetric metric connection, Bull. Korean Math. Soc. 52 (2015), no. 1, 201-213.

, Lightlike hypersurfaces of a trans-Sasakian manifold with a quarter-symmetric
metric connection, Appl. Math. Sci. 9 (2015), no. 28, 1393-1406.

, Geometry of lightlike hypersurface of an indefinite Kaehler manifold with a
quarter-symmetric metric connection, Appl. Math. Sci. 10 (2016), no. 6, 289-299.

, Special lightlike hypersurfaces of indefinite Kaehler manifolds, Filomat 30
(2016), no. 7, 1919-1930.

, Generic lightlike submanifolds of an indefinite trans-Sasakian manifold with a
quarter-symmetric metric connection, Bull. Korean Math. Soc. 54 (2017), no. 3, 1003—
1022.

D. H. Jin and J. W. Lee, Generic lightlike submanifolds of an indefinite cosymplectic
manifold, Math. Probl. Eng. 2011 (2011), Art ID 610986, 1-16.

, A semi-Riemannian manifold of quasi-constant curvature admits lightlike sub-
manifolds, Int. J. Math. Anal. 9 (2015), no. 25, 1215-1229.

D. N. Kupeli, Singular Semi-Riemannian Geometry, Mathematics and Its Applications,
Vol. 366, Kluwer Acad. Publishers, Dordrecht, 1996.




GENERIC LIGHTLIKE SUBMANIFOLDS OF A KAEHLER MANIFOLD 17

[14] K. Yano and T. Imai, Quarter-symmetric metric connection and their curvature tensors,
Tensor (N.S.) 38 (1982), 13-18.

DaAE Ho JIN

DEPARTMENT OF MATHEMATICS
DoNGGUK UNIVERSITY

Kyongju 780-714, KOREA

E-mail address: jindh@dongguk.ac.kr



