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ON THE COHOMOLOGICAL DIMENSION OF FINITELY
GENERATED MODULES

KAaMAL BAHMANPOUR AND MASOUD SEIDALI SAMANI

ABSTRACT. Let (R, m) be a commutative Noetherian local ring and I be
an ideal of R. In this paper it is shown that if cd(Z, R) =t > 0 and the
R-module Homp(R/I, Ht(R)) is finitely generated, then

t = sup {dim f%q:;/[) :PeV(R), Qe mASSE\ qu and
P

PRy = Rad(IRy + Q).
Moreover, some other results concerning the cohomological dimension of
ideals with respect to the rings extension R C R[X] will be included.

1. Introduction

Throughout this paper, let R denote a commutative Noetherian ring (with
identity) and I be an ideal of R. For each R-module L, we denote by mAssg L
the set of minimal elements of Assp L with respect to inclusion. For any ideal
a of R, we denote {p € SpecR : p D a} by V(a). For any ideal b of R, the
radical of b, denoted by Rad(b), is defined to be the set {x € R : z™ € b for
some n € N}. Also, for each R-module M, we denote by Attr M the set of all
attached prime ideals of M. For any ideal I of R, the I-adic completion of R
is denoted by R. For any unexplained notation and terminology we refer the
reader to [15].

The local cohomology modules H:(M), i = 0,1,2,..., of an R-module M
with respect to I were introduced by Grothendieck, [9]. They arise as the
derived functors of the left exact functor I';(—), where for an R-module M,
T';(M) is the submodule of M consisting of all elements annihilated by some
power of I, i.e., [J;2,(0:ar I™). There is a natural isomorphism:

Hj(M) = lim Extyp(R/I", M).

n>1
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We refer the reader to [5] or [9] for more details about local cohomology.

Recall that, for an R-module M, the cohomological dimension of M with
respect to I, denoted by cd(I, M), is defined as

cd(I, M) :=sup{i € Z: H:(M) # 0}.

One of the important problems in commutative algebra is determining the
last non-zero local cohomology modules. In particular, it is very important
to determine the cohomological dimension of modules with respect to ideals.
The notions of cohomological dimension have produced some interesting results
in local algebra. This notion have been studied by several authors; see, for
example, Faltings [7], Hartshorne [10], Huneke-Lyubeznik [14], Divaani-Aazar
et al. [6], Hellus [12], Hellus-Stiickrad [13], Mehrvarz et al. [16] and Ghasemi
et al. [8].

The main aim of this paper is to find new relation between the coho-

mological dimension and the Krull’s dimension, under the assumption that
Hompg(R/I, H:(R)) is finitely generated, where t = c¢d(I, R) > 0.

2. Cohomological dimension of modules

Let I be an ideal of a Noetherian ring R. Recall that, an R-module M is
said to be I-cofinite if Supp M C V(I) and Ext's(R/I, M) is finitely generated
for all 4 > 0. We refer the reader to [11] for more details about cofinite modules.

The following two well known lemmata will be quite useful in this section.

Lemma 2.1. Let (R,m) be a Noetherian complete local ring and let I be an
ideal of R such that cd(I,R) =t. If Ht(R) is Artinian and I-cofinite, then

Attgp Hi(R) = {p € mAssg R : dimR/p =t and Rad(Il +p) = m}.
Proof. See [1, Lemma 2.3]. O

Lemma 2.2. Let (R,m) be a Noetherian local ring and let I be an ideal of
R such that cd(I,R) = t. Assume that Supp Hi(R) C {m} and the R-module
Hompg(R/I,H!(R)) is finitely generated. Then the R-module H'(R) is Ar-

tinian and I-cofinite. In particular, the R-module H}ﬁ(ﬁ) is Artinian and
I ]%—coﬁm’te.

Proof. See [1, Lemma 2.5]. O

Now we are ready to state and prove the main result of this paper.

Theorem 2.3. Let (R, m) be a Noetherian local ring and let I be an ideal of
R such that cd(I,R) =t > 0. If the R-module Homg(R/I, H'(R)) is finitely
generated, then

t=sup {dim qu/i) P e V(H—A?), Ne mAssE; I?Esp and fBquzR3d(H§qg—i-Q)}.
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Proof. Set
k:=sup {dim ],%gp/n :Pe V(IR), Q€ mAsng; Em andmf%qg :Rad(Iﬁqg—i—Q)}.

Since R is a faithfully flat R-algebra, it follows that cd( R, ﬁ) =t and the R-

module Homﬁ(ﬁ/Iﬁ, H;E(ﬁ)) is finitely generated. Let P € mAssp H;E(]TE)

Then, B € V(IR) and by Lemma 2.2, the non-zero ]%qg—module Ht (ﬁqg)

is Artinian and I ng -cofinite. Thus, the non-zero ng -module H ¢ (Rq3)

Artinian and I Rsp—coﬁnite. Therefore, in view of Lemma 2.1, there exists an

element Q € mAssE\ 1%:43 such that dim ]%,;3 /9 =t and
P

Rad(IRy + Q) = PRy.
So, we have k > t.
On_the other hand by the definition of k, there exists Py € V(I R) with
dim ngl/Ql = k, for some 9, € mAssA ngl with ‘Blle = Rad(IReI;1
Royy

1). Then by the Grothendieck’s Vanishing and Non-vanishing and the Inde-
pendence Theorems it follows that

t =cd(I,R)
d(IR, R)
Cd Iﬁml s qul)

IV

(
(
cd(IRy,  Ry,)
cd(IRy,, R, /1)
(
(

Y%

Il
Q

d Iﬁspl +Q1,ﬁq31/)31)
cd(P1 Ry, , Ry, /1)
diméml/ﬂl

k

So, we have t = k. O
The following four results are some consequences of Theorem 2.3.

Corollary 2.4. Let (R,m) be a Noetherian local ring and let I be an ideal of
R such that dim R/I = 1. If ed(I,R) =t > 0, then the R-module Homg(R/I,
HL(R)) is finitely generated and so

t=sup {dim qu/i) P e V(H—A?), Ne mAssE; I?Esp and fBquzR3d(H§qg—i-Q)}.
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Proof. The assertion follows from [3, Corollary 2.7] and Theorem 2.3. O

Let R be a Noetherian ring, I be an ideal of R and let M be a finitely
generated R-module. Recall that following [4], for any non-negative integer n,
the n-th finiteness dimension f;'(M) of M relative to I is defined as

f1 (M) = inf{frr, (M) | p € Supp(M/IM) and dimR/p > n}.

Note that fj*(M) is either a positive integer or oo and that f?(M) = f;(M),
where the finiteness dimension fr(M) of M relative to I, is defined as

fr(M) :=inf{i € No | Hi(M) is not finitely generated}
= inf{frr, (M) | p € Spec R}.

With the usual convention that the infimum of the empty set of integers is
interpreted as oo.

Corollary 2.5. Let (R,m) be a Noetherian local ring and let I be an ideal of
R. If cd(I,R) = f}(R) =t > 0, then the R-module Homg(R/I, H{(R)) is
finitely generated and so

t=sup {dim ﬁqg/ﬂ :Pe V(IR), Q¢ mAssE\ qu and, ‘Bfiqg = Rad([§m+§3)}.
»
Proof. The assertion follows from [4, Theorem 2.3] and Theorem 2.3. O

Corollary 2.6. Let (R,m) be a Noetherian local ring and let I be an ideal of
R. Ifcd(I,R) = f?(R) =t > 0, then the R-module Hompg(R/I, H:(R)) is
finitely generated and so

t=sup {dim Eq}/ﬂ :PeVUIR), Qe mAss=— ﬁ‘ﬁ and &B]:’,qg :Rad(Iﬁcp +9Q)}.
'p
Proof. The assertion follows from [4, Theorem 3.2] and Theorem 2.3. g

Recall that following [18], an R-module M is called minimarz, if there exists a
finitely generated submodule N of M, such that M /N is Artinian. The class of
minimax modules thus includes all finitely generated and all Artinian modules.

Corollary 2.7. Let (R,m) be a Noetherian local ring and I be an ideal of R
with ¢cd(I, R) =t > 0. If the R-modules H:(R) are minimaz for all i < t, then

t=sup {dim Ryp/Q P V(IR), Q € mAsng; Ry and PRy =Rad(IRp+Q)}.
Proof. The assertion follows from [2, Theorem 2.3] and Theorem 2.3. g

We need the following lemma in the proof of Lemma 2.9.

Lemma 2.8. Let R be a Noetherian ring and let M be a non-zero R-module.
Let X be an indeterminate over R. Then any monic polynomial f = ag+ -+
an_1 X" 1+ X" € R[X] of positive degree is an M ®g R[X]-regular sequence.



ON THE COHOMOLOGICAL DIMENSION OF MODULES 5

Proof. Using the isomorphism of R[X]-modules M ®p R[X] ~ M|[X], without
loss of generality it is enough to prove the element f is an M[X]-regular se-
quence. It is clear that M[X]/fM[X] # 0. Also, if 0 # g € M[X] then there

are elements myg,...,my € M such that ¢ = mg +my X + -+ + mp X* with
my, # 0, for some integer k£ > 0. Then there are elements my, ..., m;c_m_l eM
such that fg =m{X +m{ X2+ +mj ., X714 mp X"TF =£0. So, the
element f € R[X] is an M[X]-regular sequence. O

The following lemma plays a key role in the proof of Theorem 2.10.

Lemma 2.9. Let R be a Noetherian ring and let M be a non-zero R-module.
Let X be an indeterminate over R and set S := R[X|. Then for every monic
polynomial f € S of positive degree the following statements hold:

(i) Tys(M ®g S) =0.
(ii) For every positive integer n we have

(0 t11y s ) ~ MX]/f*MIX].
In particular, we have H}S(M ®gr S) #0.

Proof. (i) By Lemma 2.8, f is an M ®@pgS-regular sequence and hence I'y g (M ® g
S) =0.

(ii) The exact sequence

0 — M[X] L5 MIX] — MIX]/f"M[X] —,
induces the following exact sequence
n I

Pys(M[X]) — Tys(M[X]/f"M[X]) — Hjg(M[X]) — Hjs(M[X]).

Now the last exact sequence induces the isomorphisms

(0 ‘HL (M&RS) ") =0 TH1g(M[X]) ")~ M[X]/f"M[X]. 0

The following theorem is our second main result in this paper.

Theorem 2.10. Let R be a Noetherian ring and let M be a non-zero R-module.
Let X be an indeterminate over R and set S := R[X]. Let f € S be a monic
polynomial of positive degree. Then for every integer i > 0 and any proper
ideal I of R we have Hi(R) # 0 if and only if Hig(S) # 0. Also, for every
integer i > 0 and any proper ideal I of R we have H{(R) # 0 if and only if
H}'gifs(S) # 0. In particular,

cd(IS,S) = cd(I,R) and cd((I,f)S,S)=cd(I,R) +1.

Moreover, for each integer i > 0 we have H}S+fS(S) = fH}S+fS(S) and the
S-module H}S+fs(5) is finitely generated if and only if H}5+fs(5) =0.
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Proof. Since S is a faithfully flat R-algebra and H}S(S) ~ H}(R) ®g S, for
each integer j > 0, it follows that H}(R) # 0 if and only if Hi¢(S) # 0 and
hence cd(IS,S) = cd(1, R).

On the other hand in view of [17, Corollary 3.5], there exists an exact se-
quence
(2101) 0 — H}s(Hjs(S)) — HifL,o(S) — Dys(HIE () — 0
for every integer i > 0. By Lemma 2.9 we have

Prs(HpE'(S)) = Tps(HH (R) ®r S) = 0
and hence the exact sequence (2.10.1) yields an isomorphism of S-modules
H;—st}rfs(s) = H}S(H}S(S))

Thus by Lemma 2.9, we have H}(R) # 0 if and only if H}£} ;(S) # 0. Now,
it is clear that

cd((1, f)S,S) =cd(I,R) + 1.
Since I'ys(S) = 0 it follows that Hyg, ;5(S) = 0 = fH7g, ;5(S). Also, for
every integer ¢ > 0, by [5, Remark 2.2.7 and Theorem 2.2.16], there is an exact
sequence of S-modules

(His(9) s — H}S(H;S(S)) — 0,
which implies that

Hig(His(S)) = fHs(Hig(S)).
Hence
HiE 5s(5) = FHS £5(8).

Therefore H}5+fS(S) = fH}5+fS(S) for each integer i > 0. Now since the S-
module Hjg, ;5(S) is fS-torsion it follows that if the S-module Hjg, ;5(S) is
finitely generated then there exists a positive integer n such that f"H}5+fS(S)
= 0. Hence it follows from the hypothesis H}S+fS(S) = fH}S+fS(S) that
Hig, 45(S) = f"Hig, 45(S) = 0. a
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