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SPECIAL ORTHONORMAL BASIS FOR L? FUNCTIONS ON
THE UNIT CIRCLE

YouNG-Bok CHUNG

ABSTRACT. We compute explicitly the matrices represented by Toeplitz
operators on the Hardy space over the unit circle with respect to a special
orthonormal basis constructed by author in terms of their symbols. And
we also find a necessary condition for the matrix generated by the product
of two Toeplitz operators with respect to the basis to be a Toeplitz matrix
by a direct calculation and we finally solve commuting problems of two
Toeplitz operators in terms of symbols. This is a generalization of the
classical results obtained regarding to the orthonormal basis consisting of
the monomials.

1. Introduction

It is well known that Toeplitz operators on the Hardy space over the unit
disc U are completely classified in terms of Toeplitz matrices when the family
Lo = {\/%zp |p=0,4£1,£2, ...} of the monomials is used as the orthonormal

basis for L?(bU) under the Lebesgue measure. Furthermore the matrix repre-
sentation with respect to the basis £y can be recaptured from the symbols of
the Toeplitz operators. In fact, if ¢ € L (bU) is the symbol of the Toeplitz
operator 7', then the i-th and j-th entry of the matrix of T" with respect to Ly
is equal to the (i — j)-th Fourier coefficient (¢, \/%zi*U of the ¢ (see [3] for
details).

What are then the counterparts of the constant % and the monomial
functions zP for the case of general bounded domains? The author recently
in [4] constructed a corresponding orthonormal basis £ for L?(bQ) consisting
of the Szeg6 kernel, the Garabedian kernel, and the Ahlfors map over general
C* smooth bounded domain @ and classified Toeplitz operators in terms of
Toeplitz matrices with respect to a subset of £. In particular he computed
the matrix of T" completely in terms of the Fourier coefficients of the symbol
and found a necessary condition for the product of two Toeplitz operators to
become a Toeplitz operator (see [5] for the reference). On the other hand, when
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the base domain is the unit disc U, the functions used in the construction of
the orthonormal basis £ are easily computable and so we can expect to have
more compact result.

In this paper, we work on only the unit disc and prove all the results without
using notations for kernel functions. So we would like to write this article as
elementarily as possible. In the end computation of the matrices of the Toeplitz
operators with respect to £ will be done in terms of the associated symbols in
a concrete form without having series expansion. We also obtain a necessary
condition for the matrix representation of the product of two Toeplitz operators
with resect to £ to be a Toeplitz matrix which is written in terms of symbols in
explicit forms. We finally solve commuting problems of two Teoplitz operators
about symbols. All the results obtained in the paper are generalizations for
the properties held regarding to the classical orthonormal basis L.

2. Main results

Let U be the unit disc in the complex plane and let L?(bU) be the space of
square integrable functions on bU with the inner product defined by

<u,v>=/ uv ds
b0

where ds is the differential element of arc length on the boundary dbU. Let
H?(bU) denote the classical Hardy space of holomorphic functions on U with
L?-boundary values in bU. Let P be the Szegd projection that is the orthogonal
projection of L?(bU) onto H?(bU) defined by

(2.1) (Pu)(a) = L /bU

T om

It is well known (see [1], [2]) that the space L?(bU) has an orthogonal de-
composition as a direct sum of the Hardy space H2(bU) and its orthogonal
complement H2(bU)* via the identity

ds for u € L*(bU), a € U.

zZ—a

(2.2) u(z) = Pu(z) + % P (@/g) (z) for u € L2(bU)

which plays a key role in this paper.

Let L*°(bU) be the space of essentially bounded measurable functions on
the unit circle bU and let ¢ be in L>°(bU). The operator T, defined on H?(bU)
by

T,(h) = P(oh), he H?*(bU).
is called the Toeplitz operator with symbol ¢ and so the operator T is the
compression of a multiplication operator on the circle to the Hardy space
H?(bU). Note that the Toeplitz operators are linear in the symbol, that is,
Taptpy = aTy, + Ty for o, € C and for p,7p € L>®(bU) and they also
have many algebraic properties as multiplication operators do (see [3] for more
details).
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The following theorem proved by the author [4] is a reformulated result in
the case of the unit disc which will be often referred in the remaining part of
the paper.

Theorem 2.1. Let a be in the unit disc U. Define for k € Z the complex
rational function Ej by

1—laf® (z—a)

E), = .
b or (1 —az)Ft!

Then

(1) £ ={Ey|k € Z} is an orthonormal basis for L*(bU),
(2) LT ={Ex|k € Z,k > 0} is an orthonormal basis for H*(bU), and
(3) L~ ={Ex |k € Z,k < —1} is an orthonormal basis for H*(bU)*

Observe that given a € U, the function Ej in £ is a meromorphic rational
function with a single pole at 1/@ on the whole plane and hence it is a holomor-
phic function in a neighborhood of the closed unit disc. Notice also that when
a = 0, the family £ in the above theorem is just the classical orthonormal basis
of the monomials /1/27 z*.

In order to compute the matrix represented by the Toeplitz operator T, with
respect to L1, we need several lemmas about the inner products < E,Ej, E,, >
for integers p,l,m. The first lemma says that the inner products have an
additive property for those subscript integers.

Lemma 2.2. Forp,l,m € Z,
<EpEl7Em> = <Ep+l—mE07E0>'

Proof. The proof is easily done by using the fact that

(z—a)zl—az for z € bU.

1—az z—a
In fact,
(EpEL E
1- |a|2 (z—a)? (z—a) (1-a)™ 1 d
s
w (1—az)Ptl (1 —az)tl (z —a)™ \1—az
1- |a|2 a)pHi-m 1 1
Fl—m—+1 = — |ds
v ( 1—azp (I-az)\1—-az
= p+l— mEOaEO O
A one-way infinite matrix M = [my;],4,57 = 0,1,2,... is called a Toeplitz

matrix of order k € N if

Mitk,j+k = Mij, 4,5 =0,1,2,...
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and so these matrices are k-tuple diagonal-constant matrices. It is easy to see
that the matrix [T,,] of the Toeplitz operator T, with respect to the orthonormal
basis LT is a Toeplitz matrix of order 1 (see [4] for general bounded domains).
In fact, it follows from Lemma 2.2 that (E,Eiy1, Emy1) = (Ept141)—(m+1) Eo,
Ey) = (Ep+i—mEo, Eo). Hence we have proved the following corollary.

Corollary 2.3. Let a be fized in the unit disc U. For ¢ € L*>(bU), the matriz
[T, of the Toeplitz operator T,, on the Hardy space H*(bU) with respect to the
orthonormal basis LT is a Toeplitz matriz of order 1.

In the next two lemmas we compute the inner products (E,Ej, E,,,) which
do not vanish.

Lemma 2.4.
1

VI

Proof. 1t follows from the identities 1 — @z = z~'(z — @) and dz = izds on bU
that

(EoEo, Eo) =

1—|al? z2 1
(EoEo, Eo) = la / L s
27 w (z—a)? 1—az
3
\/1 —lal? / 22 1
= —ds
27 w (z—a)?l—az

U
3
1—a|? 1/ 1 z
= - ———dz
27 i oy (z—a)?1—az

Thus by the Residue theorem, the last identity is equal to

3 3
[1—al? or Res 1 = - [1—al? 27
27 (z—a)2l1—az’ ) 27 (1—al?)2

which proves the lemma. O

Lemma 2.5.
a
V2r(l—[al?)
Proof. Similarly as in the proof of Lemma 2.4, the identity above can be verified
as follows.

<E—1E07 E0> =

3
1—|a|? 1 1 1
(E_1Eo, Eo) = o / — ———ds
27 wi—al—az 1—az

3
1—al? / 1 1 Z 4
= s
2m wiZ—al—azz—a
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/1—|a
dz
/ zfa21faz

1— |a|2 1 1
=/ —"" 9r Res [ ——— .
27 i es((za)Qlaz’a>
3
1—|a|? 2ra
2r (1= af?)?

which proves the lemma. ([

Now in the next two lemmas we show that the inner product (E,, Eqy, Eg) =0
for all m # 0, —1.

Lemma 2.6. Fork > 1,
(ExEy, Eo) = 0.
Proof.

1—\a|2 (z—a) 1 1

(1—az)k11—az T—az

/1—\a|2 1 (z—a) 1 1
—dz
(1—az)k2%(z —a) 2
/1—\a|2 1
/ 1—azk+2dz

Since the integrand (15% in the integral is holomorphic in a neighborhood
of the closed unit disc, the last identity vanishes by the Cauchy theorem. [

ds

(ExEy, Eo) =

Lemma 2.7. Fork > 2,
(E_1Eo, Eo) = 0.
Proof.

1f|a\2 (z —a) 1 1

w (1—az)~ %11 -3z 1T—az

/1—|a|2 1/ (1 —az)k 1 1 1
— — —dz
z—a’“ 1—azz(z—a)z
/1—|a\2 1
/ z—a’“‘l dz.

Here the residue of the integrand at z = a is equal to kij—(l —az)k 2|,
which must be zero because the analytic polynomial (1 —az)*~2 has degree not
more than k — 2 and so the proof is done. (I

<E_kE0,E0> = ds




6 Y.-B. CHUNG

Now we are ready to prove the following theorem which represents the matrix
of the Toeplitz operator T, completely in terms of the Fourier coefficients of
the symbol .

Theorem 2.8. Let a be fixed in the unit disc U. Let ¢ € L*°(bU) have the
Fourier series representation ¢ = Z;ifoo oy I, with respect to the orthonormal
basis L. Then for nonnegative integers m and l, the entry of m-th row and I-
th column of the matriz [T,] of the Toeplitz operator T, on the Hardy space

H2(bU) with respect to the orthonormal basis Lt is equal to
! +

—Y— Oy + —————CQp 1.

Var(i—faP) " Ve —JaP) T

Proof. Since the matrix [T,,] is a Toeplitz matrix of order 1, for m > I, it follows
that

(2.3) [Tolmi =

[Tgp}ml = [Ttp]mfl,lfl = [Tga]m72,l72 == [Ttp]mfl,o-
Thus by Lemmas 2.2, 2.6, and 2.7, the last identity yields

oo o

[Tsa]m—hoz Z O‘p<EpE0’Em—l>: Z ap<Ep—m+lE07E0>

p=—00 p=—00

= am—1{EoEo, Eo) + am—i—1(E_1Ey, Ep)

which is exactly equal to the formula of Theorem 2.8. For m < [, similarly as
in the case of m > [, we obtain

[Tga]ml = [Tap]O,l—m = Z ap<EpEl—m7E0>
p=—o00
= Y a(BprimEo, Eo)
p=—00

= am-1(EoEo, Eo) + am—1—1(E_1Ey, Ep)

which proves the identity (2.3) of the theorem. O

The matrix [T,] can be written in the more compact form using a lower shift
matrix as follows.

Corollary 2.9. Let a be fized in the unit disc U. Let ¢ € L (bU) have the
Fourier series representation ¢ = Z;O:_OO ap I, with respect to the orthonormal

basis L. Then the matriz [T, of the Toeplitz operator T, on the Hardy space
H?(bU) with respect to the orthonormal basis LT is equal to
1

T,) = WA(I +al)
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where A is the matriz composing of the Fourier coefficients of the symbol ¢
given by
Qp 1 (O_2
(65} (67} a_1
A=| 0, o ay - |

I is the identity matriz, and L is the one-way infinite lower shift matriz given
by

000 0
1000
10100
001 0

Proof. The proof is easily done by Theorem 2.8. In fact, it follows that
[T,
1

S S - 1 _
ey (0 A1) (e dasg)

1

1 - R _
_ T (a1 + aay) P (o +ac—q)

Qg 1 ~_2

Q2 o Qo

21 (1 — [a]?)
x_1 Q_9 O_3
a (7)) _1 a_9o
+—
2r(1—Jaf?) | @1 0 o
1
. — |
21 (1 — [af?)
0000
-1 -2 100 0
n - G o ae 0100
2r(1—Ja?) | @2 @1 @0 0010

O

The product of two Toeplitz operators is not a Toeplitz operator in general
and so we find a necessary condition for the product to be a Toeplitz operator
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in terms of Toeplitz matrices. Using the identity (2.3), we obtain
oo
[ToTylmrtasr = Y [ Tolms1p[Tolpisn
p=0

oo

1 a
( on i Jap) " A Ja a|2>0"”"’> '
1 a
( e T ma e >
> (ﬂml— ap) T \/27r<1a— a|2>0‘m“> '
p=0
<1ﬁ . W )
2n(i—laP) " m(i—lap) T
1 a
! ( o Jap) " e a|2>a’”> '
1 s " 3
on(l—[aP) ' e fa?)

= [ToTyplm, + 5 (Qmeg1 + Ao ) (Boi—1 +aP—1—2).

(1—laf?)
Hence we have proved the following.

Corollary 2.10. Let a be fized in the unit disc U. Let p,v € L= (bU) have the
Fourier series representations o = Z;O:_oo ok, and ¢ = ZZ‘;_OO BpE, with
respect to the orthonormal basis L. LetT,, and Ty, be the Toeplitz operators with
symbols ¢ and v on the Hardy space H?(bU). Then for nonnegative integers
m and I, the entries of the matriz of the product T,Ty with respect to the

orthonormal basis LT satisfy
[T@Tip]m,—i-l,l—o—l = [T@Tw]m,l

(2.4) )

m(am-s-l + a0 ) (Boi—1 + af—1—2).
Definition. We say that for a C*° smooth bounded domain €2, a function ¢
in L*°(bS2) is analytic with respect to an orthonormal basis B = {u,, |m € Z}
for L2(b2) if for all negative integers m, the Fourier coefficient (i, u,,) = 0 and
that ¢ is co-analytic with respect to B if the function ¢ — Z;:l,oo@@, Up)Up 1S
a constant.

Observe that for the case of the unit disc 2 = U, the orthonormal basis

L ={E,,|m € Z} becomes the family L, consisting of monomials \/%zk when

a = 0. Hence in this case, since 2™ = z~™ and the orthogonal projection P*(¢)
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is equal to zP (@(C)/() (z) by (2.2), it is easy to see that co-analyticity of ¢
with respect to Ly is equivalent to saying that the conjugate of ¢ is holomorphic
in H2(bU) and so the definition of analyticity(co-analyticity) with respect to
Lo is consistent with the classical one.

Theorem 2.11. Let a be fized in the unit disc U. Let ¢, € L (bU) have the
Fourier series representations ¢ = Z;o:,m oy and P = Z;iioo BpEp with
respect to the orthonormal basis L. Let T, and Ty be the Toeplitz operators
with symbols ¢ and 1 on the Hardy space H?(bU). If the matriz [T, Ty] of the
product of T, and Ty, with respect to L' is a Toeplitz matriz of order 1, then
either ¢ s co-analytic with respect to L or 1 is analytic with respect to L. In
fact, in the case, either

(25) Y= 27T(]_ — |a|2*) + p_z_oo OépEp
or

_ afq -
(2.6) ¢ = Nl Z:OM

Proof. Suppose that the matrix [T}, T3] of the product of T, and T, with respect
to L1 is a Toeplitz matrix of order 1. Then it follows from the identity (2.4)
that for all m,l > 0,

(Qmg1 + @) (Boi—1 +aB—1—2) =0

which yields either for all m > 0, aun41 + Gay,, = 0 or for all I > 0, ;-1 +
af_;—2 = 0. On the other hand, the Fourier coefficients of ¢ and 1 can be
written as follows. For m > 0,

1- |a|2 z—a"
ay = (P m+1 ———ds
1—1a*1 ™1 — 1
I P oy 1
2 (z —a)mtl 2
1- |a\2 1
- S [(Pp)(1—ax)™d
. /U e (PR @) iz
2m(1 —|af?)

= Y [(Pe)(1 —az)™ "™ (a).

m!
Here we used the identity Z = 1/z for |z| = 1 and the Residue theorem. Thus

s — (L2 17 (m+1
ams1 = LD ((Po)(1 — 2] ™ @)
(1~ [aT)

= T il [(Pg) (1 —@z)™ ! — (m + V)a(Py)(1 — az)™]"™ (a)
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— M i(P(p)(j“)(a)[(l — az)’”“](m_ﬁ(a) —aouy,

(m+1)! =

which yields

Ver(l—af?) & :
(2.7) Qg1 + Gt = % ©)IH (0)[(1 — az)™+m=3) (q).
j:O
Now as the first case, suppose that amH + aa,, =0 form > 0. If a =0,
then ay,, =0 for all m > 1 and so ¢ — Zp__oo apE, = agEy = ap/v2m which
is a constant and hence ¢ is co-analytic. For a # 0, it follows from the identity
(2.7) that

m

(2.8) > (Pe)i*V(a)[(1 — @z) ) (a)

7=0
= Z(P(p)(j+1)(a)(m 4 l)m(m _ 1) .. (] + 2)(1 _ |a‘2)j+1(7d)m7j =0,
7=0

from which it is easy to see by induction on m that for all k > 1, (Pp)®*) (a) = 0.
Then the holomorphic function Py must be the constant (Py)(a) and so since
the function ¢ — (Py)(a) belongs to the orthogonal complement H?(bU)* of
the Hardy space, ¢ = (Py)(a) + S._° w @pE,. Furthermore, from the identity
(2.1) the constant (Py)(a) is equal to

1 1 (7))
9 — = 9 E =T
ST O ) LY vy ARV o e )
which proves the statement of Theorem 2.11 with the former assumption.
Next suppose that the latter condition
(2.9) B_i_1+aB_;_o=0forl1>0

holds. If @ = 0, then f_;_ 1 = 0 for all [ > 0. Then the function ¢ =
Z;io BqEq is an analytic function with respect to £. Next suppose that a # 0.
The Fourier coefficients f_; and S_5 can be computed as follows. Let A =

P (1/)(()/() denote the projection of the function 1/)(()/( appearing in the
orthogonal decomposition (2.2) of ¢ for simplicity. It follows from (2.2) that

W

(2.10) B-1= (¢, E_1) = E1)

1_|a|2/ /1_|a|2 1/
Z_CL bUZ—a

= v2r(1—a?) Aa)

and

Boo=(Y,E_2) =
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:\/1—27La2 /bU zA((?(_lC;Qaz)ds

_ J1-Ja* 1 A(2)(1 —az) ;
\/ 2m i/bU (z — a)? d
= V2r(1 —a]?) [(1 —a@2)A(2)] (a)
= V2r(1 —[a])(1 - [a*)A"(a) + /27 (1 — [a]?) (=2)A(a)

= V2r(1 —[a]?)(1 — |a*)A’(a) — afB-1.

So
0=p_1+ap-e = v2r(l - |aP)(1 —|al*)A(a) + al'(a),
which yields the identity
AG)] (a) = 0.
In order to show for all [ > 1,
(2.11) [2A()]Y (a) = aAD(a) + 1A D (a) =0

by induction on ! we let k > 1 and we assume that the identity (2.11) has been
proved for [ = 1,2,... k. Then it follows from the Residue theorem and the
general Leibniz rule that

B = (0. Eo) = (g,

1 —al? 2A(2)(1 —az)F
B \/ 27 /bU (z — a)k+1 ds

_ J1-]a* 1 A(2)(1 —az)k s
B \/ 2w d /bU (z —a)kt+l d
_ V2B (T @ ® ()

k!
3 k
_ 277(11&_ |al?) JZ:(:) (?) [(1 — @2)¥] =) (a) AW (a)
3 k
- w Zo (?) kT!(l — laf?)! (—a)k=I AW (a)
k -
(2.12) =2r(1—[aP) Y (f) %(1 — |a?) (—=a)* AU (a).
j=0 '

Notice also from the inductive hypothesis (2.11) that for 0 < j < k

, v
(2.13) Mm@zpuhﬁkawmy
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Thus by using the identities (2.12) and (2.13) we obtain

(214)  B_j_1=/27(1—|a?) [ioj' 1,|a| Y laf2*=9) | A (a)
and "
Boiea = /2= o) ;(’“jl)ﬂ ~ laf2) (~a)* A0 @)
— Var= ) Z:(’““) (1= laf?)i (—a)* 7RO (@)
+ V2T = o) gy (1 = ol AT )
(215) = /2r(1 = [aP)(k +1)(~a) lz (O a|2>f|a2<k-f>] A(a)

+V2r(1 = al?) (1= la*) T AG+D (a).

(k+1)!

Since by assumption (2.9), 1/1/27(1 — [a]? )[ﬁ,k,l +a ﬁ,k,g} =0, it is
easy to see from (2.14) and (2.15) that

k
0=A%®(a) [Z m(l — laf*)7|af?*~7)

k
S Zﬁ(l—lal Y |a|2<k+1j>]
-l )
k kE+1 ) ot s
— A®)(q Jz: [( j!(k+1_j)!|a| )(1_ la[2)7 a2k )}

7y (1~ lal )k“A(’““)( )

1
_A(k) {k |a\ |a|2]C

+X | Gos !(k’“fllj)!laP)<1—|a2>j|a|2<'f-f>}}

(1 —laf*)* A"+ (a)
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- A(k)(a){l!(kl 37— lal?)?laf

+i |G )

(1 oyl } (A @)

1 -7
= AWK (a){r!(k—r)!(l - |CL|2)T+1\G|2U~C )

o 3 (g - ) - )] }

j=r+1
a
Farp e TA@
= A(k)(a) |:]:'(1 _ a|2)k+1:| + (k _i 1)' (1 . 4 |a|2)k+1A(l~c+1)(a)
1 — |a|?)k+! a
— ( |k! ) [k+ 1A(k+1)(a) JrA(k)(a)]
1—la>)* 1
_ ! |k! ) T [aA(kH)(a) +(k+ 1)A(k)(a)]
_ A—laP)M 1

[2A ()Y (a)

k! kE+1
which implies that the equation (2.11) holds for I = k + 1 and hence we have
proved that for all [ > 1

2A()]Oa) =0,
Now since then for all I > 0
[2A(2) — a(a)] ! (a) = 0,
the holomorphic function h(z) = zA(z) = zP (W / C) (z) is identically equal
to the constant aP (W/C) (a) which is, by (2.10)
- g
aP (V0)/¢) (@) = =T

Observe that the orthogonal projection of ¥ equals the constant

PL(W)(2) = 2P (6(0) /<) (2) = aP ($(0) /<) (o).




14 Y.-B. CHUNG

Therefore finally the symbol v is exactly equal to

ap—_1
=P()+aP - E
(] (¥) ( /C) 27 (L —|aP) BeEq
which finishes the proof of Theorem 2.11. O

It was proved in [6] that the following commuting property of Toeplitz oper-
ators holds for arbitrary C'°>° smooth bounded simply connected domains pro-
vided analyticity(co-analyticity) of symbols is given with respect to the basis
Lo by using the transformation rule of Toeplitz operators under biholomorphic
mappings. It is not that difficult to prove the same result for the case of the
unit disc with the generalized definition of analyticity(co-analyticity) of sym-
bols in terms of the orthonormal basis £ corresponding to an arbitrary point
acU.

Theorem 2.12. Suppose that ¢ and @ are symbols in L (bU). Then the
Toeplitz operators T, and Ty, on the Hardy space H*(bU) commute if and only
if either both @ and v are analytic or both ¢ and 1 are co-analytic with respect
to L or ap + B is constant for some constants o and B not both 0.

Proof. Two operators Ty, and T’y obviously commute if the sufficient condition
holds. Let ¢ =327 apE, and ¢ = 32 ,E, be given. Suppose that
T, Ty = TyT,. It then follows from the identity (2.4) that for all m > 0 and
>0

(2.16) (i1 +aom)(Boi—1 +af1-2) = (Bmg1 + @Bm) (i1 + a1 _2).

If for all m > 0, ap41 + @, = Bmt1+aBm = 0, by the proof of Theorem 2.11,
@ and 1 are both co-analytic with respect to £. Similarly if for all [ > 0,
a_j_j+aa_j_9 =F_;_1+aB_;—2 =0, by the proof of Theorem 2.11, ¢ and 1
are both analytic with respect to L.

If forallm > 0and ! > 0, apy1 + @0y, = a—j—; + ac_;—o = 0, then for
some constant c, Z;:lfoo apE, = ¢+ 37 apE, which is in both H?(bU)
and H2(bU)* and so 2;21700 apE, =0 and hence p = —c=1-(—¢)+0- .
Similarly if for all m > 0 and [ > 0, Bny1 + @Bm = B_1—1 +aB_;_2 = 0, then
for some nonzero vector («, 3) in C2, ap + B is a constant. As the remaining
case, suppose that there exist my > 0 and [y > 0 such that qu, 11 + @, # 0
and a_j,_1 + aa_;,—2 # 0. Since

Bmo+1 +@Bmy  B-ig—1 +aB—1,—2

Amo+1 i aa’n’Lo A_y—1 + aa—l0—2,
it follows from (2.16) and (2.3) that for m,! > 0 with m # [,
1
Tylmi = ——— (Bt + 8Brm—i—
[Tplm.i 277(1_'&'2)(/3 L+ @m—i-1)
1 5m0+1 +aﬁmo

— — iy — +Eam, —
2r (L= Ja) Gomes1 + Gy ! )
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5m0+1 + aBmg
= Tap]m,l'
Omo+1 T A0y,

Thus for m,l >0

1
Ty — ————(By +aB1)I
271 — JaP) o
7 1
— ’Bm()""l—% Lp_—(a0+aa_l)j
Qmg+1 T A0l 27(1 — |a|?) .
which yields
o ﬁngrl +aﬂm0
Qmg+1 + A0m,
1 — Bm +1 +65m _
— — By +aB_ — T (g + aor
2@ —Jap) [ ' G + Gamg )
Therefore the proof of the theorem is finished. O

(1]
2]
(3]
(4]

(5]

6
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